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Preface

These notes are for the one semester course at Utah State University titled MAE 6570 Optimal
Spacecraft Guidance. The class meets for 75 minutes, twice per week, for 14 weeks. Standard text
is written in dark blue and examples are written in green. Points of emphasis are written in orange
and warnings are written in red. Sections and subsections are highlighted in orange. Figures may
include many colors.

Errors will be corrected when identified. New versions will be released at the end of each semester
that the course is taught. If you identify errors, please email matthew.harris @usu.edu.

Prerequisites for the class include graduate standing. No textbook is required. Material is pulled
from various sources on space dynamics, optimization, optimal control, and guidance.

1. Curtis, Orbital Mechanics for Engineering Students, 4th edition, 2020.
2. Berkovitz, Convexity and Optimization in R", 1st edition, 2002.
3. Lewis and Syrmos, Optimal Control, 2nd edition, 1995.

To cite these notes, please use the following.

@misc{HarrisGuidanceNotes,

title = {Lecture Notes on Optimal Spacecraft Guidance},
author = {M. W. Harris},

year = 2022,

note = {Accessed: 2022-5-10},

howpublished = {\url{https://profmattharris.wordpress.com}}
}

I thank Professor David Hull at the University of Texas and Professor Behget Acikmese at the
University of Washington for first teaching me the subject. I thank all the students that have helped
improve the class. Best of luck. — Matt Harris
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Lecture Notes on Optimal Spacecraft Guidance — §1. Introduction

Trdroduction o  Guidance
Most  wvehicles (.‘n alr) s‘:a.u) or ww\'cr‘) include
G\u.:d,anoc, nawia\a.\\‘om, a conhnl ((:N*C) sys tems

thar o?erw\-f. in re\-time a5 the vehicle moves.

The navigakion sSyster. Consists oﬁ sensors {0 Measwre
e state o{ L4} Sws\—em s  well as  dvols for
f;ll'uinas’ ouwk\ier Ad—whor\) es-\-imhov\) etc.

Tha guidance Sg,SS‘\"&m usey the current eshimatre
of the sShake \)rovich.d "‘j the r\a.vto)c»h'ov\ WMstem
a.\ov\o) witle the mission oUv.d\‘v&S ‘o wm?w\-%

skade and contro\ -h—a&ec\'br'\c.s.

Tha  contvol supteme uses tlu  conbrol  trajectorny
?rov'\m M {he o\u‘.w supten~ fo  compure
ontol  Commards fo  affeck achuators (engines,
wing surfoces, e\—r..)

Eum?\c'. Whan Yo drive oo car Yor ace \n.,ri—
o& aul  three  syatems, An app Yhat  kals You o
"furn right (w25 {+" is iShuina o quidance
Command..

(©2022 Matt Harris
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A a\ool* GN«C systens 15 one  Yhat is

robuws}y o measurement noise umr\-aGnkcs)

)
o\is\urbmus) wnmodoted dﬂmnics) ere .

* Skable Se that small errors doatr cause
\arasa. O‘/\AM\Ls N reults.

Simple  envughe S0 that iF n un  in resl-how.
S « $\s&\1¢h~ 15  demonstreted o  tha \10&1'“‘.& videod °

" Arpu,p ‘z, \aMl;\} 'ﬁww‘ —Pbr *D '\'T,wkd,owv:‘

Tha  +hree oem?omd-s oﬁ CN<C are o\w‘-ows\'.s
Cou.?\c.&.

* The o\u'cda.nw ss..ss-\-em showld wnot ro\\‘ on.  SYate
eshimates  wunavailable ’gvom- Yhae r\.ow'\c\ah‘w xp-\wm.
* Tha o\u\oLam susteme  Showl A vt qeracate conivel

Commands \.wson& e ackustor  \imits,
* Arh 50 on...

(©2022 Matt Harris
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Tha asu'.dam,c. Su‘&{'&vvu mau (\wcrm -\'a.'\t.v\-orios \-c‘:
° . . L . s

usm-o\ [/ rc—{arc.v\u. '\'rn.‘c.u\on\ of o ?r\on P\an) .

so\vifw\ o oPﬁmi%\'iow ?ﬂbl&m-

ih\'&r‘n\o-\im> a?Proium’dow , or other means,

Tn N tha method must be (bu'-o\y o o\\MvM
o werk. (Im.o-o\uw o-  cockek cras\r\‘mo‘ becare +ha
Newton Solver fa,’;ls to Cekua\c..)

Examples Let's  consider o blok  fhat  can slide

m_ |-D along a line. Tt con chome fo thrust e ft
or right (bur not ‘oe-\'k). The gonl 19 -Eor the block
‘o pass throvabe ¥l Targer Fos'd-iow.

otk

hauskecs /"‘ e Yorget ]waihov\-

~ ‘“v rb

Ccm P :
[ 717 7 (707 /
|

/

Becoanse +*he blok  doesnt ave o swp ot tha tame¥
‘wsihovs, it is clear +tha block Sheuld @

" Aheust lofe (move right ) whan lept of tha tamek
Yhrust  right (move left) when right of Yha torogk.

(©2022 Matt Harris 3
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We jusk solued our fint qichance Pmuu..\ Nokte 4hat

°
we had b know our ?Q);hgw (*mm ﬂw;q‘u‘ho'\\

arnd  +he

031 how DN We

How wm_o\_@ag_snl@m_m_;f_uj._&& 1o

i:gi; ﬂgrgs%\g. thae M.’t a,& o L&tig\.vv "xM}

what

l( wet hed to }3&‘? w would need
N1 C o
Conbvol  limiks,

er \ 0 i

sike  and  has
to

| mls  dewnwark velociin,

Tis Of\w\ s
o\zseg@uugﬂww-u witle

L ols yg\ggg, What  thaust ecctleambioer  Sou\d Lo

a.PFlu.d

U i -
1 3
IN‘

-4
?
-

1]
Kl
3

|
N

To descend ot comskank wolocilu W = 0y -q =0.

)
HQM, &¥=%. Will  Yhae dheush &Q Q_ Qn}s\'ﬁh\'>
What ol

do Mv'\q‘a.\’imi missiony o\."\‘u.\-;u%; e ﬁ.gmmk.s
Py in our so\wh'ow?
(©2022 Matt Harris
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Ler to be the current time and -\-‘ be ‘Yha
f-'m\ Yime. The Probhm o‘ {u‘mlo'vu\ P {um\-ion.

3
a, [-\.)a-ﬂ-——w 8

thet minimized Somae Ok;\u‘\'vt S called an oth&\

Control  problemc  Tn this lw’ws problene |, we  may

wank 40 minimite

* {uc\ Consumed
* dime v dour doww

occe) ecations {c,\\' L“\ he crew
° eAe.

The \Drob\cm Of firul-.us o o\u.‘\Aama- solufone  that
a\so  minimitey  Sowd obu.anh‘k\ 15 Gw o\>’n'aw\
O\u\alam ?ro\.\m. Tha  soluhon I8 called an  optimal
asuidnm lewd e To solve  suub Prob\e,ms , we will need
B understard  that

o\vsna.m'\m\ mode\ \ and ressonable assm\:\'\ms

Contrel mode)

. 0\>1ima\"k3 condifiens

°  numerical tednn: Qes

(©2022 Matt Harris
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bﬂwl_wi

Our osu'-d.mu. a.\g\ori-Huns deperd on +ha  dynamics.
We will need o duy\amiu..l model  Yhat s Sc‘m\?ll.
enouAln ard  acwurate enouwgqv. T contmsk, Simwlation
models are k;o‘kbf f\'do\i\\s and man include many

Syvim\\ ?or'\-ur\oa.\'iows (o)m'\\-ah'om\, a,'\moS?klﬁb) ¢A-¢.).
—?erk&?s he mest imPorhm{— e,cbw"\iow " s?g.u,{\io‘\v\' is
the +wo~LoclU\ %wh'av\, oﬁ mohon o

r = "_,_A_;F '('('-\‘,):?;) :l(.‘io)‘:‘o

r
Solulions are +thae standocd circles ¢\\'.‘>s¢,>) Pm\.e\as,
and kkulou\as (dc?tm\im‘ on tha  invhal COM“*\'MS).

I-f we  include  Yheust accelerahon  and Adisturbvance

am\erd\’ov\s' +hae ueau.kow becomas

?*#5-\: = Rgi-a-& , ?(:\'o\“?o) Jw) =7V,
¢

(©2022 Matt Harris
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We may write  the e,cbu.u\iovw " s\-«\-t-s‘;m form as

() U v asd)

] “w

Because R_‘: S our Contvo) Vor’wd.ll.’ it I8 common to

PALEE\E

rewrke  as
() Garea) - (2

With Qiven imbial  conditims T and Vo Wnown By

-t

ot eaclo 'h;u., ard Wown Ay  a¥ each '\'iml.,
+he  nonlincar dust‘uuz\ sx\s-\'em.. cen e in-\-a.s\rw\'d.
For mucwe 0* the Course ) this will sorve as our

St M\k‘\'\.DW model .

Some o‘ our o\wi(hmu. models can be aWrained
‘ol‘ mu\q'vus 53M?\1-\W|‘1‘ a..ssmrhovu.

(©2022 Matt Harris
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We will assume dhat the vehicle s Su{ficun&lu\
close +o 4k wr{auu. +hat a\rwl\r‘ i constant

(i..a-) G {\a\' P\amv\' mod&l). We will fum\'k-«-f

assume  thay dHhe thruwsher oaccelerationn dominstes

avw\ Aiskurbances.

N ) =6

)

= %-0- " 'QL’«)=:3°

&\e e

Elam?lb’- Let's  assume  ¥hat at 15 Constant.

Then, in\—u&m\'\‘f\a\ S Siw\?h..

Suﬂ)ow that  we want F(ﬂ:\= 0. Ther | Yha

(ubu»ird thrast  accelerabonw i

Ay = -:‘E z_os-l‘s + V,*‘, = r,]

(©2022 Matt Harris
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W hat M‘)Pms as ‘i’* (a,ho called 4l 'Hu-'l'o-ﬂo)
m?‘)rouhs %cro? Within am\ (\c&ud.hn.u. a,\o\arl.“\m)

tare  muwrt Le taken when {-t — O,

How does +his SimP\c. t\uﬁsdnm \awd \aerfatm n
R

Simul ahons

Are Yhare enovﬂ\,u dca’fu.s °§ {ru.o\ow o also
hit &  desired vo\oc‘\h‘ '\'am\v\'? How (ould we
add dca\ru,& 9‘ -frw&em?

Tn  +he  Apollo  lunar lamum\ a\u;aLmu, , Yoy
used Hu above dynamical modal (wivle  constant
qrw'\\er and  assumed abw:ra.ﬁc }hrat
acceleration  whidy lesds o o cbu.ar\-io ‘wsihov\.

‘l’ra.'v,ohﬂ‘ .

(©2022 Matt Harris
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Orlor O

We'll now  consider  two sra.curo.{:l- near eachn o¥ler

in  orbik, We will derive | -Erow- e Wo-loodox e.tbu.&\'iml

ubv.u’ﬂ'm o\c,scn'\pim\ the  colakive motionn that are linar,

As wile tha descent model above |{A¢aci\'\‘ 19 nice

because 1}t {'a.d\'s\-oh& M\—u\ra\'\‘ovs.

et tha 'l'owa\d» sPaucm-{-l- Pusiﬁow be To ond +i

-

chaser S?uc.t.m.f-l- be F. Tha relative ‘;os‘.h'om \s Sl

e, T =T, +3.

Tha ubu.n\\.ow O‘ mo'\';om '%r +he chaser .QS

10

(©2022 Matt Harris
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o

"
~

e+ AT, 3« § = 6 [\»f 2%,-$ - (& u
Py o

We now assume Yhat / fo“\ sucle that tha last terne

Can be vws\c,dut.

» = f':'[H- 2?0-_31
2
1)
3 N D _—
9 (3 ~ T I|* a.?°.8] t
o

Ex?m\l"us us;n.\ e binomia\ theorene and kca?‘m‘\
oMu\ \“-— order terms iw -i u‘ill‘.s

_3 -3

%G [\—_3_7';-3]= 4 -3%.%
Iy r3 N

(©2022 Matt Harris
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Su\;sh'\\diu\ wite  our -g ue;.a,\-‘-ow qiuves

= -6 -p[% - _:S_r.,-sl(r.w) + ay
] (]

Es(?a,vxl.;n:\ and \ueu‘ on\\\ P*- order ‘\’ermﬁ qiuLS

:ix_:éo- r"#[S-BC‘%s)]*“*

Assume ot :‘;_o"‘
IR -p E—;z(ﬂi)?o + ay

3

o

Since. ¥ ub\.w'\'\evb IS \imr, it can. be writtery

o stake - 5\;4“4_ 'E‘orvw .

(4) Gt 20
(3)7 A (5) - e

)

(©2022 Matt Harris
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We have wrilten Hese ubu.n-'\iov\s w o frame  (adependant
fa:k.om. I-‘ we ossumt  that  tha  targek $?mcm§+
MovesS v a  Circwler o’k and ‘|§ we attac\~

o \oca) verhwa) low) Wncigonin) (L,\t LH) \:mwu.

o Hthe  torger, we will obiun a Veny special
cast  krown o3 the Clolusiy= Wilkshire (cw)

a.abwkov\s .

The local wverhiwa\ direchow is dc?c«u\ as 1= ?o(ro)

ol the ol verhia) \)usi\\‘m a \w\odks are X ond %.

Co X Vo
WG xNsM

The oub -b\'-P\aM d.’ro_cl';m S def..u.i os k=
Coordinates are T and .

The \ocad horronial direchon is ‘\ whenre ?;\:k.

Coordinstes ave \‘ o :l.

Given o S i an  inerkal ‘Emwu., we  tan -\Yunsﬁwrm

o 4l VLM mew using

]
ol
r?

ng't,1=-§'s E

(©2022 Matt Harris 13
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Tt\l VQ\QOE\'\« '\'fal'\S &D(rvu\';oN Mmur ¥ accownt .Eu( 4l

&a.c\- that o vm\oc'\\\‘ {ra»q. i rﬂw\{:\ﬂ wile  tha
Yarqer Svuc.uw‘:-h

*'
]

=L
"
r~ S
(4]
)
&l
®
0/"

Thae CW ecbu.»*iow& ore  Yhaw

% - 3k - 2ny = &

Graskter,  asyH

T+t =

(©2022 Matt Harris 14
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Tn tha case where 0y =$¥=a1,=0, the CW e,cbuhw
Can oo in-\'u\m-\-t& W\u\“w\\%.

X = (‘\-30»:»\—)&, t ;(T:_So;\ nt * _?;\,_((—CUSW{') :‘0

4
1]

b(SiAA\T -V\\’) Ko + Ve * L(mn\' —t) :‘o
.
L(dsinnt -3a¥) Yo

T= Fowesnk + i-_o_sinnt

w

.
{

31\.!0 Sinnt  + :‘o oS nk + 2i° ginnk

-l ©

bn (wsM—-\)*o = 1;(05."‘“\' * (*“s“\' -3):"‘

.1'2 -nioSinny + :t,oosn&—

Bu\ {M\W\" ou¥  dhe  inhal (,ovd.i\-;m' we e~

wribe W t\%'\'\m in matcin {om\.

[ v ] [ Lo | gw %o
\‘ rc (o] * o
1 = o
: (+) %
j I
L .% o L & L -eo -
(©2022 Matt Harris
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Eadh of Hhu submatrices is 343, The matnx

B = | &P 3W ]

LRI i

6 called He  Shude transibion  palris .

jmlng’mug_ﬂa’r& Teansibon Mmatrices

As we've discussed | \inear v\v\nm:u\ Sustems may bLve

written. i ke skandacdh  Swake - space §0fn~'o

:{((ﬂ = AW IW « s L)

T heorem. * su\?(wsc. ‘tero-—‘m‘w& ord A is  comhnuouse
For any Yo, o there 5 a M;ah“ (.on\'\.nuw\u‘-.\
o\i“—-ﬁerw\-iu\oh So\uon

X (:\-) - & (‘*, ‘\‘oxio .

We call 7& Yha {wulam&wh\ watrit  or  Shte
Yransibon matix (sTM), W

(©2022 Matt Harris
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The STM has o series dtf.‘(\i\;ow g‘ou. o ool up.

It also Sa\'isfibs Some iw\-ensh'/u‘ ?m?u{izb.

e L BB = ALEWS)  Fluw)= T
¢ E(40) = & (k)
=T T
. §11_(t,*0 = EA (+,%) = 5,\(*":*\

o Blan) = Bly,h) TG, ®

Soluwkons 4o Forted Linesar Sustems

Tha a\uu.m.\ solubiore b fha -foru.o\. (wn’m:\\:-o\)
lincar swshm is (‘ium by\
+

2= BlTe + ) EG ) BT A
to

WOLA. Can vu\*\\ s a solukien lms di“erenﬁw\hw.

(©2022 Matt Harris
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Discreitakion o(‘- Linear S.,f‘;‘\-cms

To  4his ‘)t;w\" we've  discussed  combinuous Himae swsr\w—ms
‘oe.wuu- thase V\c\.\-um\\u‘ a,r;sv w ‘a\rW\s‘s(.S. However )

e nature o{ a\md.am s dscrete  bLecauwse we  call

4\ 5\\9\—% at Some {rubu.mu\.

Su,?‘aon we  discrette fme oS

4, £ --. ¢ {-"L flq b --- L -\.‘.

and  we Woldh 4he contvol  constank on even) intecval.

Then,
b

i) = Bl 5) X (1) + S ¢ (ti.,,7) Ble) ar wlk)
t

P KT AR B
3\‘ us‘uv) e skre transibion metrix , W can conderk

ConYinuous it sgp-\—em.s b discrete tina swv\'ams.

wWe will discuss neonlinear sﬂshms \ater,

(©2022 Matt Harris 18
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ics

We've beon ’«\Mn\t(a\ o‘— our stakes 65 Pos;kons
and velocikhies. Anotur ku‘ s\ake 1S mass, m.
Thooughout  tH  (ourse, wWe will meoded e

mass dvs namicd  as

NI W (|
:S?(’P

where A 13 tha Standacd sea—lovel  accelerahorn
of o’nwih\ on Ear¥l~  and  Tsp 15 the enginds
specific  impubse (in se). T mogoitude of i

thnust ’{um s NT W,

Novre  that  thu ub\,u:\iow s nonliater \n tha

theusd  vector  Lecamse

iy
WT = [T:‘+T:"'+TIX .

=7

/M , We  almost always
have o deal withv  nonlincar A\o‘waicS.

Moreover ) ‘om& QA

(©2022 Matt Harris 19
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Example ! 90lid  cockets provide o constant thaust . ITw

this  case, thu MasS  Varies “Ma(lq' witle himae.

m=mg- lITll ¢

i

This i se bl be Yha v;\eq‘;u.\'iomum\on.

liminsted and Yo T_/vw terms now m\:loW

\imuy\q‘.

(©2022 Matt Harris
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oA 1 mi
We lmwiou;l‘s discrebived a lincar d-v‘Mmica,\ Sl18'\'ow\.

M.S‘lus Yoo state tramsibon  mwakriy and kSSWV\;rws

Piuw\u constant  contvols.

Lie = AX; + BY;
Bu) wri\iu\ owtr A fw +erms we can S how +he
fim\ state oLePM on the inikial siate and  conbol
il\‘)wﬁ-

X, = A%, + Bl

X2 = AX, + BQ,
T - - -
= A X + ABUo+ B,

(©2022 Matt Harris 21
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By stacking all of the contols ink a hull (Wext)
vector

and m,?.‘n;m\ he makix

L = [p{'"e) A8, ..., AB, B]

Y above q,,cbw,h’ov\. can be writen as

¥ - A= LW

(©2022 Matt Harris 22
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Suﬂml. that matrit & has  a  noa- Yrivial nullspace -
T.f there is one  soluhon v Yl ubuk’now , then
there  are iaf-whh‘ many  solukions.  Let U, be
Some I;wl-iuu,\ar soluhov 4o e uv,.d\‘ov\. and ot

L be a mabrix sucle  +het

5"\('—) = nwll(t)-
Then all  Solubions are a\\‘w.m H

u=u?*LV

-Eor any A'R IE there oare in{fn'.lolns wu—vu\
Conbvol -\—ru'\wlvn'u o drive -X’o + ;,o , how do
01\‘-}.

we  clheoose

Commen ohjubives include fuel, entrqy , and tine.
By fin‘M\ the O and N (adicas we cannok

minmize it . We'll save Hhat for later ard focws

for N en  Somt basics & fuel / ererqy  objectives.

(©2022 Matt Harris 23
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A Few Basics

To oP‘imiu means o minimite or mayimite. We a.lruJo.j

have  an  intuibive (a\ro.r‘f\iaul) %MVS"'W;I\I\ o{ the

OOMP{’.
(i(” ® Local May
\ / * Global Miw
5 * Global Max
]

Mu\-\r\twﬁullus , we sM

i‘ € arqm;'\-f , \“‘-: m;r\.f

X, € o.rc\mut { ) \h = mayx {-

: |

These works have aslolu\ MLN\;'\"
- not b(‘b‘o

wWe will u\ww be interested in o‘lalpa\ orh'm'o%‘kov\.

Mmoo s dass , but we must waldy owt -for local
OPHNO

(©2022 Matt Harris
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Bu‘ olra.w;ns ~ {w rio\'wrcs) Yow  cam Convince
u\ewmlf o‘- +he fol\aw;rﬁ fa.c:\‘s.

arﬂm'm.f = ara‘wu 'F
m{ug = - may -f

wa.nforf., wWe wil pneed o 4l«.wn.‘ on\u\ {.,r

Min;mi%'\;v\l Fr‘bbhm}.
From c«\m\«u, You  may recall the -‘-ollow'uus +heovrem .

Theorem. ! Let g’ R—K be Smooth. If XEa.ra‘wu.n.f
than  {'lx)=0.

AM‘ PoiM—s +hat sq.h'sh f‘($\=0 are  Called
cribical \Do\'w\:s or Candidates. Am.‘ QP{\'M\ Poin\'

mwilt Le o uM’-M\'L) but net all candidates

muwst Le o?\\'ml roin{-s.

ks

Question : What i& there is on\U\ one Candidate

(©2022 Matt Harris 25
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4Exm‘>k 1! minimite {(x\=11. {'m= 22 =0 2 X=0,
wc._bm_nnl__naa&é.ﬂ-‘-—ﬂ&{'_ﬂjﬂagﬂﬂ—

. 2
MminimizesS X .

Jmﬂ;l—mw va-\f-:l?. ‘E'(ﬂ=3x1=b'—'? X=0
We have one candidate +Yhat does notr
[ © 3
MYNnina wall .

X

Exa.mn\l.. 3: Minimit e £L:l-‘= é .

=%
(‘:'(JJ = -e ,¥O

NO  pinima

2 2
Emm?h. q: Minimize £(1\= (1-1)(,**11 .« There are

3 cordidstes -2,0,+2, Two ©of them

4Exaamfl; S  minimite an = 5inll) . Thee are
muniah\ﬂ ini.'ni\-t CandidateS . There are
m&d—%%l&d Minime & MAXimn,

minimite -!:‘J-)" le Thore arcwii
mmHjnLAJ_m‘mlmb Ahat  are also

?,\ab_aj_ma.ﬁM-

|
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The 9w uam?\u a,\aow.’ whida  involue SiN)LL-VMZaLh.

owu\ub\io {wmkov\s ) demonshrate  that 'S.A,s\' abowt Muﬁ-\'kirv‘

ean, KA?\uN " Of\imi%\iow.

Problems wilu Constrainks

Al e ?ro'algms we'll be  fatecested n will have
Constraints (Fk\»\‘)'\&s’ dhrust “m:h, bou.:d.bns wM‘-hMS) U\'t—-)c
kaﬂ.ﬁbf&, we will now consider nonlinear Pna‘rmwﬁn‘

rnbbm (~ L'Ps) .

min {0 cejectioe PR R
s.t. ﬂ(,%) Lo iﬂt%uw\ih\ cony¥ranints ﬂ‘- \R:\ = r\l‘:

Wi =0 e.tbu.o.\i\'\‘ convkmminds h: ‘?:\—“" Y\Z‘}’
Note +hat 5\ a W oy be mulbi-valued Lt T am not
|>u-H'iN\ a bar on them . Ner an~ T Pw\-h.:\‘ a loar own
K. Just abount wut‘-\’lmu\ is  mwlb- dinensional -E,ou.. Vere on.

We A&f\‘w‘- e LOn’o‘\'tl‘sm'F seY o e

L=1xer :qreo, o =0 |
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We May  NOW wrike :.v;:\;: andl X E€ Mﬂ‘:r;‘v .

Thave ave two types of necessany condibions for these probdems:

® Contitionms with cequlasiby or  conthraint  qual fehes
ave called  WKKT  (ondibions.

® Condibions  woithout Yhe obu..\l(-‘“,w\{m oave  coled TFrvida
Johw cendifions.

MM\\\ loooks ":ouws Lu\'(rd-\ on KKV condibhons. T ?n,f‘r
wor kc‘u“ withe e FI  ondihons S e '\’l\-u‘ dont rt..bu;rb
an  addilionnl obun\if'\m:\'i‘o"-- We'll wrile down botvlh & dhen

Solve  Some ?n\a\ms .

Theoren (KKT Condihons for N\—?)t Assume thar -(,1, o h
ove 4(G(¢/r¢nl-ia|-k.- Iﬁ Ho ‘)vouam atlains o minimuna at x
and o (onskvant abu.u\\‘{(a.w\%oa Wolds, dlen the ful\ou\'ul

SI-‘S'\'M 15 solualde

os(,\ to
Wix) =0
A 20O
'Afc\u\ =0
Vef )+ v“\(’\;\ * Yo\ =0 Q

(©2022 Matt Harris 28



Lecture Notes on Optimal Spacecraft Guidance — §3. Introduction to Optimization

There oare numevous Constvaink abuk\i(:'suu\'{m& thatr nrele
dhe oaloove Yheorene true. Two o{— Jhe most common are

@ Linear ‘.En-&cpuwlm (12} (uﬁu}u the o\ruum\—s
of Al  achivt  (Constrminks o e linearly independent

ar  {he OP‘HVM\ ?o\;\\'.

@ Manansarian = Fronowity €Q rubu,\'ns fhe a\ra.licni—s
Df wix) 1o e \if\mk‘ ‘\M\cpcndcn{' & +he
eustence of a vedws 3 sk,

V‘r%(‘y\l- Lo Twxlz =0

b ol adive  comtrains .

Twe other (Qs ove dhe Aoadie CR o 4l C).L;ﬂi\ﬂf*
Q.

A o{ these CRs ave evaluated at 4l optimal 'Feu.n'\‘,
Tb»us) -\'\A-u‘ Cannot  ia o\wm\, \oe vui(\s‘c._o\ PN ?riorl.
for +his veason, T Yn{zr e FJ (omdibons.
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Theoven~ (Fr:\"b- Iohn  Coadithons {v N\—?3: Assume Xt
-G. 9 al are Aifferenbiable. :[f e ?rb\a\ew» oNains o
minimum  aX¥ A, M Yhe -(;\bw'\m\ s..ss\-m. W solvalle

ﬁb/.\ Lo

Wix) =0

(Ro,2,v) #2, 26100}, 220

i\ra\(v-\’o

Zo B+ YA A+ BbAT =0 0

Note Ahar we now hae & Ao, whide cam  only e
Tem or one. Ao 15 Med Kt abwormal mulbiplier.
A solwdion  withe A=l s a “woramal soluhion. ™
A sowhon  wile A,=0 & on "donormal Solukion
Dont levr Mo \inge  lesd Yor a.av\'vrws Abnormal solutiony

Ore cbu,i\—ﬂ- commor. & Should ner oo ‘be‘o*ow\

The Condibion  that (}.)),‘\7—)40 s called tha
nen- h‘w‘m\iM condihon.

Note hat l-rc\l.ﬂ =0 s called o me?\c,mbn%u\ks
Condihrone. Por mu\s wns-\'m—m\—, e her 'A“FD or %;(,‘.\ =09.
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~Etanple:  pmin <

ab. (y-\*r =o

I+ is obuiowd Ak X=1 s the answer swce v © We

on\ A it ‘s e F +hons .

L= A, K * '\T(\L-\)L

2L = 2AM + Qv(y.-\\'= o)
X

JMFF:LL Ao =\l Then

21(\-\-'\7\ = v B X= v

\+V
To e h ) X wausk e.-bu.d\ \. "\'Luw—god.7
NS Uy D m
 ——

Tk«.s; Hure ave o normal Soluhona. suu‘:;:osl. 2A,=0.
Then

2v (x+) =0

MM\AMHM rubu'm,s W #o0, les’. X =1.

M\ minimun. 8 an  abnormel Soluhons.

(©2022 Matt Harris
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o S g B
Example :  mininmve 7+ % rax, = 3%

s.t. X, 20

The denvalive '

2 = 2QX, * A, =34, - A, =0 (BY)

9%,
2‘5— = lagx‘l_ r “g*g - 32_ =0 (,Z.)
I

" an o e

We WNnave %g@ asesS Yo ir\mﬁ%@'\t.

(:) sg?Fou = 0. . = } =0.

GL. \ d 313 1\.

\V)

1& A,=0, thun A, =0 \l\b\w\'\"ﬂ e am--\'rwm\.\'w Conshihon o
Iﬁ A=\, A A= -3 #D CA“. s cruled owk,
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@_sAFFn& :\; = J;g 0. The moA- —\'r\v‘m\ik" cMi\-:w

s s thar Q=L

Eq. \ ? ax—g*KL=3
V)

qu.'l? ¥, * ¥ =0

‘)o\m‘v\'\‘ Ahis  linsar

[ 11 2-‘.
r &

E%. \ R Aol'l. -31n - 1! =0

R Ae=0 o X, =0.

1'{ do =0 . thun G% \ q'\\u.s }\":o Jvalaking m-‘\'\"w'm.\ik{‘.

I{‘i %=0, than A= =330. Case 3 hes Ve vuled ok,

~ @ Sugpme A,=0 and X, =0.

Eg. \ a-:\oxg -3, 0

G
v
Eq(, 2 P Ay - 2, =0

1{_ ]g=°, Eqv Pl a‘\\)l-& );’50 \ﬁb\x\""\l\‘ r\gn—-\-r‘\\l‘\a.\;'\“.
I{ A=) 4t~ K ="h = 2.2 0.
(©2022 Matt Harris
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Case M \%‘wlld o~ Condidate . The FO condihond ove
orly  necessary. Thiy are ek suffident. If ‘e s a
So\u.h.oN, we've -‘:owul 2

A Cristence Theorene

Afhr Al that  work it would be nice v have a

conclusive answer.

Weiers¥rass Thweorenw © ‘.r.f { is Conknuous and X
is Lom?a.c\- (ousw. o \oou.mu.k), Yhen {-‘ aMans

A MINtMUIA (amt MO»%'WMM) Y. N ‘X;,

Ta Y above emMr(a., tha domaww s nok
covv\?aw\-. wWe can mekKe iF so \ms (UU.-«M\ Yhe constrainks

X, L0 ark K Lo

We Con now stw\ ok U.,{,_\= Glt,") MinimiteSs
o any Ypiwem. This is almesk what we neod.
Is 4heve any adkditional logic we can apply o

Aeduce o?ﬁm\iM?
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Consider o aﬁ;uow'\t\.’\ ?leuu.:

Max (,x—l)l  — m'ow -(x-.\'-

5.+ xtr s.k. e

wWe can Yhen wse Yo neceisary ondi hions .

L= -2 ¢ Alx-2)

2L = —22 k=) + A =0

ox
I‘ A9, ¥ A =0 vio\w\-\‘n‘ nov\-*riuia,\c‘k‘.'fkus, A=\
:‘ A0, ¥ x=\t2

r{- 1=2, thar A =2 20,

Thws, thee are twe candidaX ey,

TE o~  Solkion c,v.;s\-s’ the se\luMon  will Le one of

thi  candidates. T{ a sdlubon does mot s, ¥l
Candideates Uil mab oo SPwdew  Gf arse) \
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Bak 4 Y Mo\ivah‘m\ “Problen~

Recatl et e Shackted wie systen~

.ﬁﬂo = W

whie  we said would have 1w :'n'a\d% onan Solutions.

"

Lel's now fuu\, e "m‘m\mw ew,rsu‘ soluwhovu «
T he evu.ra\g‘ ;3 (\iuew \oU\
—T_

TGN, = Y Wm = WWw = Wiy

.

Tk&rcfou ,
M ‘i“'\k“} = ’i\f‘u
5. ﬁuo = tu

We firs\— {nlm 1 Lo.tsrahﬂ.mw
Ao T \
- + X (Lw-Two
Tha o“ro@m\\— S

Vu\ = Ao + CT], =0
(©2022 Matt Harris
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Suppe Ao =0. Tf dhe sptene i3 centvollable,  theno

€T s full hwmn canke ard 2 =0, This visletes
non-trivialihg, Therefore, Ay =1,

Soluing J“u p) qives
Cu+ttta=o 3 A= (&Y tu
2 2= -(e€) Tuo
Thare fore,
w= ¢ (¢ F) to

6\‘ dtft‘hl";nvv o% o?"\'m\'l"u" no  other feasib\l. Conivo)

will have \ess cvu,rt)%

2022 Matt Harris 37
©



Lecture Notes on Optimal Spacecraft Guidance — §4. Optimization Examples

Jrh@&\iow_ELm‘ﬂgs

. kS
Exam?lc= mMininmize (X!-—I) + K-
Su\:‘i‘.'\'b h+d, -2 L0
¥p-%, -\ =0

T
Forne  Yhae Laarungian L= }o(Xg-‘) * A% —X D

+ )()(\-\-!1_—13 + ‘\r(x,;—)(\—\\'

& iany vD .
2L = 1},()(\-\) *+ ) -\ =090 W)

M)

2L = Ao+ A + v =0 (2)

%

Mmlglmnhrﬂu) condihon i; A (‘{\‘ {.x,v_')_,) =0.

5w|m?o$l- Aoy )G=o.

Egol R A=V
EqD. 2 2 A=V

Tk‘“”) A=V 0. This violates "Yle nov\--\'ﬁv'\u\i‘\s condibon .

II!!C!@! ‘! =|.
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6\4?{:052- A=0.

Eq\\-) L 7T v=-l
Byt ¥ alw)=a = u= )

. . 3
Tha exep\,ln l'q conskhaunt q wes X, < [1 . Subsbhun "h‘
wh  4lhu uu.q_un..l h m\’ram\— a“u.t_s .lz." % -2= 0 o.

Tkwl{ou (i\.x-,\ le.wz) o~ Candidate.

Suppose  that X €%~ =0. Toquhher withe o
%u;.\.\-ug cons-\—m-tw\”, we have a s\.\\'sl-vw» e(‘l qu.u\-\‘ons

X\-t—x,—f?—

The solubon 4o this System. s &q‘au;v (1;,%-,,\"(”2;"7/\.

Tln.w;} we  have on\q3 one Coand:date. '_[{'— a  selubon enrists

Yhis is W

(©2022 Matt Harris
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E X
jum?lo L Minimite x(.:l‘*- xa
. T

g B
Forne  the L%m&%‘mw‘ L= AKX + "‘39{; * “(’*}’ 9"‘71: "q)

%MMH&._L%MM:

2L = 130‘! - 11‘! = 0
X\

2L = 82X, - 4%, =0
o)

lementnn o g s 1.1_'_-*‘\):0.

ippt_gef'a Then ;\+°i or ebse W would violake

m-\-h‘w‘.dah’, -rm\}«., X =% T0. Bur Yhis does ast
Satis Yhe  jntquale awnk, TLbvaDd) A=\,

€4, * 2y, (bh-2) =0
Eq 2 Ux, (2-2) =0

If 3", "H\#\ ¥z=o and X;’tl. - ge "\
I8 A=2, Yun %0=0 oand X=Wo. = [ =3
Owr ow\u\ andidare s e O ,%) = (tz,o),
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2
E . R

Mmwnimii - -2 *+ 3

S\.A,%_\‘D Y2\ w the a.nsww?

Fornm—  A\o La-q‘r%\gg L= }9%2-19()(. ?.i“‘yz\g “'1(“*&)

mpuke tank !
T
A= -3 (x-2) =0 ®
"
= A, - A =0 ()
o*y
T+ B

o' dent ‘Frbw- Eq 2 Yhar QA =A=\

tle nm-'\'numh\-w cond. \-mv\ wod e \J\a\c.:\'ul\
Eav. | Yoo 0\'\0“ 1\‘ =

(etse

Tha oemF\M'\'arihs condi hows :\(_\-\(1_\,=° q‘im
X, =\.

T on\ ndidate 8 = 2‘»‘3
an o\o:\‘co\-\ul- Jalue °£, Y.

what T dwse X, =07 y=-07

R L
vol nel minimum Sinee - Iy
unbounded « X,
(©2022 Matt Harris
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. T
M: Mnimite L\(;-LY‘ ~ L\l,j‘\,

S.%. %y = x}‘zo

L4

¥, 2.0.

w W L~ :\o(‘l‘-—z)t"' A,',Lx-,,-t)"

* A, (\d’ %) * Ay (‘(\*“1 ‘7—)

*'A} L"‘\\

4(‘,9&1&1!'0 Yhe q‘ra-ﬁa«* o{— Hee LeA‘rarA"\Mu

9’_" = 1“3&\"2’) + 13,*. + “l - n; = 0.
%

oL = 22, (x-1) -2, + 2, = 0.

Ciut

4349@& e Ein\f dwo constrainks are achve. Thun

2 ~\ P d
Xy = e = %G =\ or ¥ =T
L - N -~

X\t-\(-,_’-"l ‘z= ‘

30;\:4 )(\%\50! }3 =9.
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€1 2 2%(~) +22, v+ 3, =0
€ 2 A =2,
Tha,
-22,+ 32, =0

I‘g }0 =°) +k“\ chal-: )3'—"0 ) wk\.dtv \“\°\~*¢’s
non- Ariviatiby . Tharefore Ag=t, 2,=2, = ‘h ,A3=0.

We 'we {ouml a  Cardidake .

(©2022 Matt Harris
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’Po‘\’nom'u&\ Land'nv\ EXa.mr\c.

We want to Ac,s'u‘m o luM(a'u} -\—m')uA-on1 that (ool like
4'L4 {p\\ou;\ﬂ'. Y

0

2 X
0

Tha  inibal condibons are ‘:ixd. Tha ﬁ'm\ alhilude and
velocthes are alse fixut. Tha %ml farqe < f“1\r\.\' Hae
are fret. Ths, we \aave 7 bourdany Condibions.

We  will assume e [)oSi'an. M:‘u-\v‘tq ove  Cubic  n hoa.

Qo * ot « a,,&l + a3&3

t-L°f h"*b;\?“’&a*a

We Can o\'\“@rcn\';a:\b ‘o O\v\- N ded\—v.s o« accelev oo

‘:ros-‘-\-v.&

<'= Q, ~ a.klk -+ 3&3&1
o [ 5
% = by ¢ 2kt + 3b,t¢
.x. = abl + bk}k

(©2022 Matt Harris
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Will -lluu, we  (ua NoW  write  down the  consVrainb

an's\i\ﬂ -?v»w \oow\-hu\.) ondibond.

Q) A%~ Yo

(2) bo = ¥ =0

3) &, = Yo =0

(%) b = Yo

(s) Qe + AT + &11'1 ~ 43-\-3 =0 (‘l o) -.o)
() b, *2b,T +34,T =0 (;(:r\=o)
(1) A, + 24,7 + 343'1" = - (;lt-r) f.-l)

Tlwre ave Q vaciables oand 1 (.ous-\'m}nh) hence o

du‘m«) Og MM- we wanky 4p vvﬁn'sm;ﬂ tha  net
acctlerabon

T
WEN® = (24 +agt) + (20, v Ligt)

= ‘-\(a‘i»f\.’;) v (a4 b3)t + 3 (a3 «-\3‘5) ¥
= Co+ Gt + G b

Tha ‘m\-v\ﬂol o Y
T

©
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T rc's\.uww o?\-kmiu{-iow ‘m\o\m N

min GT* 50T + §ar?
Qo7

5\, E%; - ().

This 3 & noalinear Froo‘rmm‘.ﬂ ?rbb\@w, witle Q

variables .

Well, we'se a,\nalcj reduced Moo ‘;nk\u.. L a

-Y'u-vw\im 9% two variables. Tf we f'.’x e {'(ic]k!- Lina

T ard H ‘F)‘M\ mru‘l. KF ) Ao W an Solue
o %nbwnu. OE \ingar ccbuﬂd-i ons o WN\’& O
Contour P\o\'.

A AN R

QR T = sSoma (-‘wul NUinloov

Whon  we do this, we s fhat e probline  widl~
rarqL o -Fl;l‘\rvl' Hont fvu [0 cchually ill- ‘»w—* Y 1
sense  +hat tha oSt can e made a(la'ohuil] cme Yo
Tevo L"\ Ml'».\ Ye, T re but revo (Y  Coannod
e aWainad.

(©2022 Matt Harris

46



Lecture Notes on Optimal Spacecraft Guidance — §5. Polynomial Landing Example

A similar aM\t‘s‘ns shows that -ft!;ﬂ-'s Ale rarel
and ‘QJ‘H"\ e f l‘o1\r~¥ Hew be fvu. Aoes not  Correct
+he is5ue . The O'p"u.‘h'u has l‘nf I3=0 a5 T —o.

(l-loww, suthw Soluhiony cesult \n  warealishc ‘\\'A:y.u\\'"” )

Ont approade Hut does work i3 to fix Mo Lligns
Hae  and  optimite e range Xg.

wM ore e (unm'rj wie  Hase iss»u.s} We did net

model  the max dynamics. Hence, Yhe yehide can Q“\

fenvu wlo ru,nm'rul ouy of AFu,c\.

while  +e  use 0{ s?ls'us (Pb\«svwm‘w\s> S an m«s
way o o‘wnv\e. -\-rq:‘u\-ori% ) Wt muwst be done
witlv  caulon.
° Tha NP slubios ot somsibive do e jnika) quass.

Global  minime Ao not a\wtﬂs wxish.

%\“‘U} -\’r«f\u\-‘r\c, e ey q,\m; cealishhc.

'T'W\ us;'\-‘\ s?\iu,s v solve o~ LEO ‘\'m.nsfttr problome
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Let's show Amay T 10 a5 T X ™ ® Todosw, wa will

artifically fix T 4+ %p. And Hhn e dhe limik,

3

Q. + AT + Q;Tt + Q37 =0

b, *2b,T +3L, T =0
A+ 2&,T «+ 3:13'\‘.l = -1\

3
bo ¢ BT + T e &1 = Xg

The values of 45,0,,b0, 4k, ave fized by dhe iaibial

condihons, Tha wunknowns ave Ay, 43, LL ) & ‘03 .

‘TL 1"3 Ay = [-Qy - Q;T')
LS ‘3 -\ - a.

aT oT

® a4, = (T—?m.-l}’{:)/T"
ay= - (v -1«.—}/3/73

3 ()
21’ 571 \°3 = B|

3 b, = -(y{— 3xf+:u.,1')/-r‘
(3% -25¢ «TV,) [T

S
w
|
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e €T+ T+ Cy? — O

T=»®

(©2022 Matt Harris
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Tniroduchon (o nyext

In many oﬁ our previous u.am?\@s we fourd
Candida¥eS butr were wnsure |'§ ~|’|~L0\ were MM““
Mminima. Tt tuwrns our  that convex o?'\'iw\\%‘“o\zu
Pro\p\ems have o ride ensuqbe  shruchure ©  obuiake
Suclo  155ULS. T Some  Sense, (onvey ?nb\m ore
4l casy ones boo +heorems ognad ﬁ\ﬂ.ru(m
are  stronqer.

CDN’-@?M\\“S, Conven %um,\-,\ovo ave linear o $bu-?¢.¢l
like bousls.

/| ) .
ydh . \/ﬂ
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~ Conceptually, ¢Conuer 645 are .Sots  wilheuk Woles or
‘\Mcn-kv\"\ov\S.

Like livea proqrms @% g‘;hn&\ so\whon ol‘f- o~  COnIeK

o prrqee s N a‘\o\od\q, o.‘,\-im.,\ So\uAiony.

Ao e  linear ?%M_‘& wo so\w\-iona;

one \whon  or (1 Ny ,
R
mw e , nman 13' ) mwn  Ox
S+. OLxito® .. -lbxty sk. -ltxt,
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Conver {ww‘m do ot have B b snmschin. The absolute

Valwe WM 1S Convex.

N\

Dl.{vﬁ honot A fux\c\"w f&) 5 Convex \-?
flaxepy) & aflare 20)
{of a\ ¥,y and all a,PZO 4 otp =\, That i,

o line c,amc.oh'u‘ oy {wo ‘»'m\s s ook below Yhae
corve  \oehuween thoe tuso ?omh [ |

BN
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Observakion: A \inear -fu.mbm s onoex Sinct

T+  Is ¥) = X v ?
(-] = ' \lzlz\n -rk“\v
P2 1 L[I
+ (1= = ofl N+ (-2
v \

= [2-a)
\

Jﬂmﬁg\ 4he funchow ak  Ahis ?o;n\— g

‘:l\ + (-2 = (2-t)(1+ T At Rk-ot

E'gg!gg;h‘ml the lincar awrw\mhm Qe

af) » (=) fy) = ol ¢(1-a)2 =2

Ts dea-t £ 2 £ au ablon)d wo.

Leb oL‘-"‘z. Then 1~‘I.,-'lq=°‘l.‘ > .
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: how 4wt m%#’ i st

wﬁhw_b‘-_&_c&nut -(-;umkbv\.-

(‘:(ou-b (l—u.)\'.) = (eu-r (‘-“)\})L

T a4 2'1(\—&)1\! ~+ (\—*)zsg"

o flyy (t-ot)f“‘) = oyl 4 (l-&\\'["

Now wma  Yhe incqualim n 4l ¢_f-m.‘h:v\ e

2
LY+ (\-a)\'f“ - atyt - la(t-d)x\,: - (\-dlz\.l 20

D oyt \|t -d\Jt -t - 1&(\—0‘-)*1" (I -da vt \,1 20

- L

3 «(1-a)%" - 2a(i-2)ry + «(1-a)y* 20O
— _

2 ali-a) (*—v\')" 20
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Theorom: Lot £ 1R R 4 {6, T funchon
-F S Convex ;E o eah«) \I{ fy every X € ﬁ:"
the Hesion G400 iy poibive sumi-definte. D
Pooft  Expand § using a Teylor sesies & apply Al
A..,f.i;i\n'«. o" awwu?\v\s. D

EBxample: Determine f -f Y =x* is  conuex.

v{l= L4
vlf'=120 ] CONJ&MLl]

- 3 :
EWPIU Determine 1k f($\=>¢ o~ [0®) s convex.

of = 3"

Y4 Wx 20 on (o0) = conve,x'.k\.

E)ww?\ct Determiae i-\: ((x\‘—‘ Y\.L-—X: IS Convex.

Tha gias(v’:ﬂe T, Thu, Vz{— 10. =2 non- cmow"‘\-
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Definifionr A sk € s conver if Hu Ve seqment bttuin

any two points in C lis in €, ey 3k for any

A, %y EC and any BEGM]# we have

Oy, + (\-0)x, €C.

ixng cal Exam ‘P\cs :

N2

/ 3‘///

A

non- convex NOoN- Convey non — Convex

These 4dre non—-cowen becawse ¢l Orirae

ae eqmint-

wn m C ide

Example: Show dhat Hu line sequent 5 =3%: 08xe(]

Tha i)o-m\' ©x + (\-9\)"1.

\s n ¥l losed (M—mwl
bthween ¥, and X .

;W | el Tharetore
e« + (FO)*&,GS; ordh 4o Se 8 Convex.

Exomplet  Shaww that the bowndany

\ of e umt cube 8 non-conex.

Lt x=(0,0) ard %= (10). L+ ©='h,

Theor O+ ll-—@){.‘_t (_'I;,‘ly\lw\,\:;w % o v e seb
(©2022 Matt Harris
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bcfia&kov\.: The convex lnll b{' a Set $) denoted (onv S' s e
Ser o{— a\\  Conver combinmations of ?mw\:s w O,

(3
Cony S ’:\Q.i.i-%*-..*bh‘h . 11(:5) 9;?.0’ S.eu'\ \( u

e\

Cam-‘;LJu\ Examples: Green dencles S, Blue dentded Cony S.

" .
Tlhe convex Watl o( S © A Convey relaxahon o‘— S.

This also Hu  “Hewrest" convex velaxahow,
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Otler 'Pro?u&bs .
* Tatersechion: TL S o Sy are eonvex,  Ylen S NSy v convex,

. Separnkion? Suppsie 9 ot 5y are dwo convex Sths  « S\ﬂslzf.
Thin dlere 1§ an aF0 od b Sk

adtlb N &S,
b

Ta ollur words, fs 4wo b an be
‘wPom»\—t—A Lu\ a \M\m\uu..
b a'xtlo

P

~

* Nu—n-u\w\'iw- Sum Su‘,rou w20 o {1 s Convex euf all i
Then 2wl s cenvex.

* Affn Mapping : Suppe {15 convex. Thun ‘E(Mdo) =q6)

1S Cenvex.
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LDAMQWS for Convey ?rowm‘u\%

We ave nlerested | n unlorn'«..) necessany condibions «‘;/

Conve x oPBMit—w\'iom Fvob\uv-s. We sted w| o o\blumﬁ,\ ?WL\OM-
We  Jomehner cart dhis  do primat ‘Dvo\vlom-
min (x)

o §

s.k. o\u,) to

Wiy= o (Ax-olgf’o ‘Ev convax ?n\o‘om)
To lMJF Ak ewdeavor )y we will uf-n.t "Hu. La.\ntm\'ww“
T
L(i));\r) = f(x) + la\bt) + V¥ )

The new Variables A & v ave called dual variables

or L,u‘ran\c. muth‘Plicrs. There 3 a dual wvariable fbf
Q,Vc«rl.s wn;\-m;n\— w Yl ‘arbum.

wWe now du@u Yo dual fwnohovv ﬂ

2(2 l"’) = i’;‘f‘ L(‘L,},\”) = fn{- ({Lx)-\- )To\u) 4 VT(M—Q))
)

Tl  duwal {-ww\:m s a.\wu,\; wnwave — evon when Yo

Pv'lwwl Prb\o\uM. S vnon-Lonex,
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wk«‘ Ao we cane abour e  dual fumﬁom? i o Pmm&u
a \ower Lound {v owr oPh'miwk;w ?nl-\uw. Led ?*
denche  dle  ophimal objechive value 7 sur prliow..

Lemma For a,m‘ 120 and auss ‘V) .Q()“\r) L P*. n
—_\)mo{—: To e -\'Ns, Wt X be a ‘Fw{\o\c ?ol:ai-,‘s.e.,
a\m L0 and WER)=AL-b =0,

Then, o} is easy do see thar

Thoefre,  L(2,2v) = {R) + :'\"Osuz) + TR E )
whele s dvue {-‘w any -Fw'\\a\c. X and Q20.

By m,.‘.\.\ te infimune wirk K Ao value of d
Leqranqian can onl\s be decreased. Thus )

L) = w;{l L(xav) eLFav) & £6)

S ince 1(1,\”)5 { Ci\ “.Df all -(us.\b\-b 2' W fbl\om 1Lt
L(2v) £ p* = L), a

(©2022 Matt Harris
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The {'a.al- hat ue '\us\- ?mw-d n alled Y ek M\h{.
Twe  dual {u.nd'im vav‘\m a \ower bound ‘Qb’ owr
Pnblun-.

When 15 this \ower bourd ‘Ho‘h\' - M\'\l\ whan 6 Yl
Aual %wwhm ¢.4bv-\ o our oLian. \)a.\u.e? Vo answer
+Inis obuw\-:ow, we veed ‘o wv.x\m;\:c owr  dual -\Lwhm

This 15 called 4be Aual Y«\.\m.

max  Rap) sk A0,

A

We'l eanl e oP{\'m\ o\a‘\uk‘\«. value -fw this A
‘)W‘o\c» d*.

(?rim‘b\)
To Summansl S 'Gn-f 2 F;f M&'\‘\ OPHME%'\‘DON Pnu&h,. 3
e B A dusl proble— sk At e ?"‘.

The FoS\BM cbw\\\'vs ‘P'*— ¥ s wld A Aw»\'\ﬂ 0P

Hong dualiy i Sad b Wold wiun P“‘e A*,
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Withe  an asm?"iw\. et s\wvu\ AM\W@ holda
we con Shnke o w,ns a\wno Sen o{- Q?h'wu.l{l\l
consifions  lmown s the  Korush-Kuha -Tucker (kkT)
Condihon .

T heoremt  Assume  thot £‘ﬂ‘»\d ovt  differenbial\e.

T 1) Ha opfimizshon problem alains o mainimum ak XY
2) Moo dudd olaing o~ masimine ar (4)0Y)
3) %u\ M\il—w ho\d&'

TLLV\- dhe {b“ew\.«.\ Sw*m 'IS %\dafu;‘.

€} a\(\(“) to

2) wi*) =o

(3) At 2o

(4) ¥ ) =0

E)  ELH + bt ¥+ S b*)v* =0 0

Under He Yheee a;su,m?hbu Sredred ] Aese are Y
V\l-u,ssw\s ondihons {w °PH'“~\“'3 es an.u\ QPHmhu\%w
Pn\o\w\
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Let's Sea w\.ws Il Yhorenr is 4rwe.

FPmR-! Assum?\';ov\- VoYells us Aear a\Lx“) L0 « hile) =9.
Asumphon 2 s ws Ht A% 20.
Assumphon 3 tells us Yhat

£GH (#,+*)
- ..T ..1' b‘\ d
u;{- (Hv) * A QU-) * U \M.)c\) Al fwdw»

= ‘:Lx“') + ',\';ro\b") * VTIAEY)  mimenines e funshin

"

£1) s o

Te ¥ ¢ 4™ e o\.v‘uows\s‘ Wold I ubuov\ﬁu\.
rd .
Thasy, e 3 line does,do0. WL cun now  deducr 7—{4.&&'.

\. The ?o.\n,'\' x* a\so Minim;w L(}‘l*,v*)‘
2. The produc ‘,\'To\tw")‘-"o-

St M ?w\v\u- o{ w\'m'um'n:.\ws L,Lx,:\*,\r*\ X \mcerd'rm:u"
LU 2%u%) = 20N « %o l«*) 2+ T v =0.

Ths condluier Hwe ?ﬂ»%\. D
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Assuvw?\'i.ovxs 2)- L | %) ore  Somewhak OM\..,.S.'M;,G.. *L“‘
o\on(,* d,\fbb\’\vs tn\lb\oft our b?hmt’b-v\w;vu TL“S vwolwe
e Awnl ?ro\o\u»- , Whide Was o mathamakica

Canstvuchion.

How can we ever wwr.t\\vs 0%umplions l-t’a?.
There 18 0 enkite SYM- oveo * bP\-imiin.;\-;b«a devvred o

\

‘tk‘b. I+ 5 called 3 uvw\-m.wk' O‘\M\‘LQ-LA.\‘!LW) .|
o

l;f linear ot conoex 'Fn\a\uws) we e w‘\\.\ s
when assm?’dous z+ 3 h\d.

Lemma sg‘:‘»st the optimitakion problen~ is tncar.
I ¥ \anlo\om 'S fus:lnk«, then arsumplions
2L+ 3 hld, (‘u.z., the Al aMaing a4 Maximune
v shony Aualiy kou,g-) Q

Proof : See i PDF omline. m)
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For  Convey Pn\o\t»\s, we need o lmow  whar a

s\—v‘.d!..) -FM.SIL\-O \)ol;w 1.
h(‘,:\eo
Definhivo: A poink X @5 Shokly femble 1§ gli) <. T

Theorsm (Stakeds Combeniat Quatficabon) : Suppore sk e
Ophimizabion prblu is Conver o has {gmu olejeckive Value.
T beve s a strickly -Fus\l.\‘. \»xfn\—' thon  osswimphions
3) & 3) held. lie, He dual abrin o maximane

A shong duatiby h»hb-) a

'Pn.e{—: Jee Yt  PDF online .

%N may rewa\l  Yhet Yl olﬂ-km\\l-‘ contihons {bf lineer
Pna\rams weve \M.u.ssarts o sw.“-io‘ww!'. \r-‘c'll Vo) va!.

+his fnr Convex  Proarams .
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Theoren (KKT Condibrons -;y Convey —Proc‘mnwmm)\ \
Su.ﬂmsc. Yhot {l - a\ are Aifferenhable . I Slater's CR
\Wolds ) +le o?{-‘\m“‘b.l;ow Fn\-hw- athaina o minimun~ ak X

;" = oa\nj ‘% 1he '(’b“ou)\" S\,\s"‘w s Solsable b

0\(1-) o
Ax = b
120
:l-rt‘l:r) =0
Yefle) « Hqaa + Ny =0 0

-P'ooﬁ'. We've o»lru-iv\ ?rwu +lw "n.cu.»'s\-‘“. We'tl now
PYD\M. "Su'-ﬂ-;donus.“ sqf?us', Yt o S\.Fl'!w- s Solualde .

Tho f\'rs\' +wo g‘b\wﬁons im?k‘ dhat X s “:m'\\a\b.

Becawse 4l Lno‘m‘.;am 18 Cover n X and ks derivative
wak. L s term at X,
Thas

l"\" a*nfus o m:/\'nmum- *L&Mo

)

R(i\,v ) = L(i.’,\,v)

= {60+ Tatn+ v (Av-1)
= %Lﬂ

Mu\w onp s terd. S yx must
be m;na.nzt.}s.) f. n)

This  shows that e
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We've  now vaa-d Yle necessany = Sutbicient o?l-im»\(\-\g

wM;k\ov\) ‘l-b, Conver Prokt‘na (‘.’ w “W Pnbbm&)\

. )
£ Minimi ,l_ixTPg + a.Dr* s , P:'P 20

Suky. to Ax =L

Note {hat S\aters R jxwm\\j‘ ,@b;‘a“ qnce Yhere acrg

no ‘.M_g‘sg@% omorrants. Tl L%ranq \an. 19

L) = le"h +o§ég o« O U\x-L\,

Tle ient fana (s

YL = Px+qb* Av = 0

Tharfore, He solubion o dis poblen i3 obtind Ly
So\\u;\l! Ahe  \inear su‘s-bm-

\P N ‘g\
A 0 \o/

\f
&

\-

&ﬁ! <tlukion o—(‘- this  wmatrix e..qsn.ahew will be a

Q‘loba.\ mMminimiter,
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This lesds b Neobns Methed w|  |inear e;l;.u.lih] Covstvairis,
wWe are  inkeested m mo'n'lm'-%\nus O nonlinear -ﬁy@\-\.om

)

min -"U) sk. Ax=b.

‘As we il belore {or Neotons Mulm&‘ we'll take o~
2'\d W -TM\\OI (‘A?P“xk MOV\--

mjm {'UN) = fl,ﬂ* q:ﬂﬂ* * AinV'?(lt)v
8. %, A«l;u-u) =4

We wank Yo choose v Minivel  dur %Mra\:\o
uvpnimuhm. L) Sul-is{“ e ub\u,\'chs conshaint,

1f X (Our Cwrrenk P-ln" W Newlons Mk«\) [} ‘Fwibh-)
Ax=b, Yn Av=0.

\ks"u‘\ the vresults —(:rom the provious e,xan\q\c.) N sy

Sakisty
R OG)-C) @
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Ma\or'ﬂlmm. g C;wtw o~ {w.cblo s\'w\-u'ns ?o{n\' % o tolerance € 20

repeat :
1) Compure the  Neodn sep ¥ Lron- Bq A
andl  Newton  decrement  Aly) =L\|T V‘{L’I)\I)UL
2) Sbp W} Y2 & €
3) Line Searth~ fur t.
) Update X = X+,
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EXMMP\G o(‘ the Aual {u«bm
Primal Poblene @ min ¥ 5k, Ax=b
Write douonn tha Loﬂmrufmw
L=(xv) = o+ v (Ax-\)
The Awal Fm‘ﬁm » ﬂ\\Mn L»\ 0\(‘\?\_" lv;-‘: LL{,‘\?).
Stv'\u. L\ s & tbupdrah‘c Convey {:uma-‘un o‘— }) we  Can ‘FnA
+he M\'n:m.u:lr:ﬁl‘\ ¥ Bv‘ Min‘l dhe 1mcl'wn\- o tem.

Tu = e Kv=0 % x=hkv

Subabibbiog Abis bace e L ghoes

This ¢ a  concave funchon = V. ek dunaliby 5 nkes
ot

YV ARy _\Tv & infs\)(‘—i \ M=lo\ fr cryv.
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We ae nowd  jnterested So\v'\nﬂ an Wh‘m."t&h‘w Fvu\'\em whese
Consrmunts  include o diswrete o\u‘m.mic. $ij"’%-

N-V
minimite I~ ‘"(19) r 2 .e (xhuk)

K=0

¥
suby to A+ = I" lx(k,uk ) K=0,.., M-
Yo i s‘ud{n‘ul‘ b (x,,) =0

Tha -fu,m)nw s H "'\'umiml oos\-.“ TE s a
PW\'\\‘ or. -“~l. $~\‘W\1§ OV\\'-‘ ox "H\-L ‘FM\ '\'iwu.. ror exa,mr\,c )
i{ wWe wank Jv Avive o 94\\8'\"” dse do ke o.ﬂvst'm.

‘*(’@) = "\lp“,

Tha {Mm s the (um;uul cest.“ ™ Puuu.‘m
stakes @ Contvols Al along Hhe frajecieny (except ar hu
firnl dint). Fr example, if v wank do kep dhe  shtes
9 wvols  clse o re ) Ylan

- < T
*(ix;“u) = 3 Xg%ke *t TUeUe.
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Tha A\\mios o% e s\?hm ore . Tha
whal  condihon of Hha skews @5 fined at , and thy
fim\ swie 0-& e Mﬁ\wu is  nek -(:\‘ﬁul, buk  Consrrasncd \,,)

A+ frmn\r) we are no¥r uns\'nlmu'v\ M O.m\w\s, 't.e-)

We tan LWL‘ e Frl“'t .Sbkw Cof\l\\'\'w ‘\D arrive ot
optimatiby  condibons  specifie o this pablem.

The Loaranaian S
° o”-‘ k iy T K
L= A flxp) « 2 b3 Q (1‘“\;@ 4+ Ki:olk" ({ (e, w0) - xk*)

kK=o

* '\rr”{"(,sl”>

Be{vv. we move on {0 c»m?uh‘us ?w\-u\s, it Wil be  onventeny
b 0\41.;\» e  Hamillontars

e ) = 31 ) = 5, i)

‘YOI K= 0'...1 N-).
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Tha Laﬂrmas.w 5 Yhen

M-l

K o g
L= 2.‘1’(\(») * VT P(y) * .ZOH (*k\““»"\; Jk-u) = T Mede

K=\

= 1’(*»\ + 0P [aw) + W U"'u"l’r: 3.3 - A:;‘lv)

* h{.( H&(i\n“k,r,lku) - j:"u)

We  now  Compure ‘wh‘«\ Aerivalives  and <or Yhewe <_,abw»\ +o

tevo.

d A + 2% v -3 =0

R L) 9Xn
2L = 2H° =o
P 9 Uk I<=o,..)n-|

Xk PRI K= 1., D=

Xkar = _?_ﬂi = {k ("k,%)

K= 0 -y N\
a}ku 0,

How do thuse condihions o\m.n‘n, when Yhere is o contvel  constmunt

of 4w o uge Nt =we®: o\\‘Lw)ho"(?
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Eiam?lgf Let's look a¥ o salar  minimum _con¥ro) eurtﬁ

rnvob\bm wie  \inear AU})MM‘\LS.

[

Wk

0

™M

\
minimite J~ a2

Sw\o}. Yo Xk - Gy + ouy N R a“wm

xp S oi\‘ou»

Mp—'k&—ﬂh"\ is 4o fu\‘ 4he  Contwel s«;bu»u\u. \l‘l\l.‘l...'u” I

_h deive ¥ shc\'*-«?vem Yo Yo Xy.

Psu\;\m ‘ou) wfi‘\'\'N\‘ e Pamiltonian ard Yhe q)\'imo.\l‘b! Condihons.

HK - __;:2'“7; - ;\ku(w‘“* kuk‘)

)K= . (Lntwte MDM'\\M)
0 = U+ LAy L<,\1ga.\,.\..,;1uws Condibion )

NVove  Ylatr W mnswvsu\iw.‘h‘m s -\'Yiv‘&\\q‘ iw\%s%h.& "~

this ?mmm-
Sdm'.g! %‘y( Uy w Y s‘\-n\-iomr'l{q‘ Condi¥ion a\l{oc.s

U = b Ak, (\aSSuw;\N\‘ le""‘)
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Tt we ol we tan ek Yhe Yol Conitvd)l. Th an

Klrempr fo do 50, elimaske Uy v tlu stmte equations

re,Su.\'\'irvs w

iy X
Yo = ke = b Ay

Now, rewogrite Ytk tha  Cosiie e—q64.~\'i°~ s a Stmple

N-L
Fecwsion  wille  Solubom X 200 Ap  S.b.

2 N-L-)

WwWe've pow reduced Yo ‘wvo\'\u«s Yo —“:.M.W\‘ Ap-

Thae solurion 4o e above QADU-‘L'\"\W L

2wl o
Xe= o do = b oo 392“.3
3=°

The Swmmo."iow \s O~ a‘eovu'\'v'\c. Series  whete Sume  can Lo

wrillen gix?ha\'l;}. We't ke anolhes a,“,.‘-,vou\m later.

Kt“ a-klo - \:a':“-th. (\_ ;‘1&)

(- &%)

= “k"o - \:OSJ' 19 ( \_“‘ML)

(- &)
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M e faal Hme, we gok

2 = 0% - 22, G- &)

(- &)

= A% - A rw\u,vw. A-=b (-2 —‘

‘Ja\m;uu3 {‘:ar Ao ques

3_;1= (&“‘b '*9).

L
A

C)ulaskhhul‘ this beck tnve fhe (pimte o_unAHON q"w-vb

N -k
A= A (%= %o )

A

AY lask, ks o?hm\ Condre\ S

w-k -\

Ue = ~bAun = b (a¥%- %) d
A

This Condwl il drive dwe (A,L) s\?-hw Fome ¥ 4o A

w N s'\'l—?s 4 minimize Yhe Conhol cnu.ra\'gg resgriced 4o

Ao 50!
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To obtan +he aloue u?ussﬁom we  wsed Yhe “;(ml"» —‘w a
a\wwlvic Series. If wt St back at

2 Wl T 2
Xe= o do = o ;\”Z‘:“

0‘.‘0

and nrla.u. k witvo N ’-ﬂx.uu

o .
\) 2 -2 -2
iutaxo‘b& )ﬂzo“‘

s’

-
. w-ry T
3\3 ruh«finw\ A= \:5\- 5_:0“ ) ) We  (an wanle

e = &“ %o ~— A)ﬂ
Sohs;u‘ ‘&r JN q:\lc‘a
W’ _!_(&“3‘0’ lg).

[\N

Ard on heee ha Gnalysic 1 tha St

Note that wlhun lwl?l, He vumerical values Lv.?\eu. %uuth’
lesding Yo numerical  issues.
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nnech Oplimizah i\scorete yma | wivo |

We starked dhe course bu‘ SM;I\J\ Fh'lq; Do « KT
Condi Fony {;f th'm-'%-h‘ow l;ml-\.cms.

We Yhen moved +do  discrete erh‘rrwl Contol. We derived
O?Hm«\i’n‘ Condihons '(:o/ Swilv & ?\NL\@M (in Yerma o{-
a HamiWOV\ium) '01,\ usl.n-l‘ Jhe Filr Jown  condidions.

Let's imaqmne & -0 problem. The ot is o move
an olo‘\q,\- from ik thking  posibon %o =T to

o final pesifon of ¥, O in L Sheps.

This means that 4t Hawe O dhe object wn Lo moved
ard ar Hme | Yhe objeck can be woved., After dhis
Setond wmoue , tha o\o'\ur\- should bLe ab 2evo.

The amounts dhat we muwe are densted by u, .

TkMS, *‘\4 DL‘LO\- VIOWLS (A.C(,ord.aﬂ ‘(’O

Desired final
PQS. / “A{Hgl Ps-
Xy = Ko +Uo */— ———
e = X+ «, ° ! z

2022 Matt Harris 78
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wWe  can  combine e ubuw.ows as

K,_'= xo +u°1’“‘

Since Xy and Xp are kmwv\, we a\an dhcne '+00\er

Ya= Ko = “1L T U+ 4,

of an +he feasle  movements  lebs fiak Ao ones
r%\&;f\;\'\ Yoo least amount °€ evwwv\ o\iuy\ \A‘

g = i)
We'll sobve the prblems 3 voags
The Coasiest Way 2 Sove Hha probben~
\VL\.:"‘\« “i(%} “d’)

$.&‘. uo“'u.‘\'l:D.
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Com?wh. o Pa/{-'mk
L = AgMo * ¥ =0
dUg

W T Ay + Vv =0
o

'.C-‘ A,=0 y than V=0 \”b\whfus V\M“"';".“x‘"‘\.
Ahas, A= and Uy = YK, =-V.

S e Uo *U -1 and UW™WU | e (onclude

L 1Y ;
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\Asiu\{'k.c FJO Condibons: We pow ot +he Pvebb...
witho ke ¥'s shil jackuded.

| W) o
= N+ W

Tha La.a\rano\‘mw is
L= A::. (U}*‘“}) *+ A (\(g*'“o‘ \‘\\ * }-‘_Li‘ + 4, "‘a)
T ?ar'\'id Aerivahives are

A= AU+ A =0
oo

?.L‘- = :\o“\ * ); =9
= X

2= A+, =0

Thuy, U =\ ==\
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U\su\o\ 4he  HamiWonians Condibions

We now e thae disuete oPh‘md tntvol  Condihons.
Weke dhe Hams lron e nu

\A-t + xk*\ {k(‘l\;'ug)

¢

M = 2{.&&1’ * 1\(10*’%)

Yk

H' = Ao Ul + ‘A\,(xﬁu\)
X

Tha $\w\-iovxwi\n1 Condihons  ave

9H° = aguﬂ +3\ =0
Uo

v’ T Au +2, =0
M,

The Costate u\vu.n\ims Ave

—_—

- \ -
3\\ =3 = AL
PAY

Smee tha ondihons are Yhe Same:

(©2022 Matt Harris
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Discrere Lintar Quadrahce Contwol
Cet's now 'mwsla't\w\"r At  rmmatnix -vechns LQEL ?nlolam.

M-t
. T
mimne LI WRW | R
S.b. Ay = A X+ 6““; Xo & ¥y a\\m

k 'abfbf'-, ‘04-1‘\& \w‘ wf.t‘\"\N\ Yl Ham\l‘hmu«u «% e?-HM\ﬂu\

Condihions.
HE = 22 WR we + A, (A %+ vu)
A= A
D=2 Rue + B dua
Soluy P Mot conbol i Hlee stubionariby - condibon givas
w=-R 8" Avel (o.smm'w\ A°=\)
We an Yun Subtbhte ths wh  tha  skie dynamics

Yo osy\— L
Xb&\: Axl-ﬁv\- B ak_&\
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One  (am. Shew (t.c-, Yo shou\d s\mow) dhat

T (W-K)

1\(": A ;\p

Swclw thatr A slate %“HW . be wiithen n terms

of 2.

_ o wlee)
Xkﬂ - AXK BR- 3 A ;L,

\p)r\h'\l\ ot o -‘w derms v Yo subuuw.c. O)i.n.s.._

G = A - BR'e"N "2,

" )
= AY, - BREN VT

<\ - -\ -3)
= B - pC R, - e e KMV,

Frome hare ) W tanv Adduce dhe —?o\\ow\-\.\‘.

K-
k-isd L a(e-ist)
A = AYe -~ z A BREA Ap
=0

We vow e+ K==W b {Zn\.l an c,x?ms\.ow-ﬁf %o ¢

RS - T (W=i=)
Xe= K% — X A BRE AT,
=0
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Mm‘-\'\ At Summation to be A J\RM

X = Aﬂ*o - A}M

o\

So\m'ov\ ‘va 1,0 (vaiu [\N uu'sh) asioe.s
Aue I\d (A”\‘o = ’(d)

-k -
Thas, A= AP \I\((A"‘o‘*u), ard  Hhe  ophio)
Contvol 1)

“k = - RT| B‘-nu‘
T (N-&1)

- <)
= -g'g'A K (&% - %)
This Conbol will drive ¥he  (AB) supters fom % 4ot
w N sh‘:s 4 minimize Yhe ontvl uu—rT‘ ruw.iru\.

As an exeruse:
° screbire the CwM ubu-»\-’ﬂ‘m.
¢ -Pibh- 10,*)) w N.
¢ Imv\&mw\' Yhe orhm\ oot Yo \l&rih W worles,
° Solve tha Pm\a\tm nwﬁmlh‘ \.,\su'ws \la\m(‘; a See r\-

Yor gt the same  aumswer.
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The above solwhon rubd\rcs that R exists. What i3 Yhe

wu,anfrv\ of dhis flJbu-‘fc.M"? To ser, led's wrte our A

A - A"-' B K, B" T("'"\
. Mo gAY
+ AgR'EA"”

v

=8, a8, a° 3][ ][s (AB .. A B-J

The matrit € =8, 88, K7'8) 5t contolabiliby
wh"\v.! Thas, i{- we drive te (aB) Sysrem -(:mw Yo o ¥y
wite tha aboie ool law if rank (&) =W e if e
Systews 1S Contwllable,

What 5 & weaker Condihow +Ahan \'w'uno‘ A zx’.s\-z
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Cels  now inveshiqate  Ala Pn\,\“w wite  erminal o\‘{\u’c‘w&.
. T T
Minimie )1', o S Xy t 3 E; u, R u ) R20,520

S.b. Xy = A X+ B U
Xo S o)iuwv (bur wet Yn\)

As %ﬂ-, b-u\.\w \w\ w«lhm\ Yl Hamﬂbm.uu - OP‘HM\\H

Conditons.
° ny
HE= S0 UlR we + an, (A %+ B we)

:\“ Af}u\ }n-: Sn*h’

5
D= Rue + B dea

golm?u\ P A onbol w Hle S'\wHomi\-v) condibon givas
U= - K.‘ B P (a.swm'w\ P \)

We an Yhen Subthhde o wh 4k skie dynamics

b

Xt = A% -8 R 8" A
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ﬁ;llow\w\ +he  Same \oa\'sc) We  arrivl ad
Ao = A Xo = A

We  can WowW  imposs Yhe -\'V&nwersutik‘ cordibons Ay =S¥y
o qur

Xy = A% = ASydy
2 (T+As)m = A%

Provided 4 jnverse uisb, W Can Selwe fv e

F\-Mt State .

-
xo = (T+AS,) A %

Su‘prev, SN:'KI- what b\ﬁ-P?M\) b Xp as T‘YQ?

(©2022 Matt Harris
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I{ we denste U, as He oPHw..I contvol —F,om Yo

free f\‘ru.,l state Pn\-\.u* and U as Y oPHml contwl
fon dha  Fiped fined st peblem, what (an we Say

abouwtr Hu  vlahvue MM'\\M\JS 0{—

z u;i-v. ?“ Uey and Z“‘;’:&?’ Ueree ?

(©2022 Matt Harris
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Discrede LA Mw\wa

We now cConsidey 4be  discrddke  LAR ‘F\mlolm withe o ru.nm;ws

Cost o the Shtte We also lor tha Ll stete be free, Lup

Pw\iu W as  well.

M=)
. \ v
w W "ix:s.gi” + -i i 'xk.Ql\‘ * u-{K,u._.
K=0

‘:u‘o\. o ) AYy *~ Bu,

We requive dhat 5,757 20, Q=Q 20, R* ¥ 30O.
A\$o) (TS A,B,Q.*Ra could ke “iM-Var\s;v‘-ts, Lt we d.av:-l
Ao ‘ﬂ/\ﬂ\' h.lMl. {w ';‘MP“CH‘\.

A mobivehion, onvider o spaceorfe by o “requiate” b
slnle — or drive it close 4o O. 1\\'
|
(
|
I
N
o i)- -~ >x
,/
: 2

If +he srw.um{{- S 15 a¥ tYhe Orio"sw ardk  Yhe
Or'\cx\w' IS o $-\'0-H0Mrt, Pm‘nP, no (armwal S  nNeeded.
Otherwist  some  combwl 15 needed o deise 1 o
tha orlgin % Keep i¥ e
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To aml“u. Yhis Pmuw., we wnlke Il Hamibonian -

Hk = -.:-‘;\o kx'{&n ¢ uy Kug) - QJ\ Lk\(y_-o- Bub
3

we' ASSumL l""\ &A\a:mo

Tha sl o\u‘m.m'acs ard +ms~uvso.\'c\-\‘ condibhony are
.r -
l\.'.= Q‘t * A :\Kﬂ ) :\u - 6“*”
The Momﬁb\ condiboru S

gﬂ: = K“L * 6‘—;‘\,“ =0 = U = ‘K. BT Ak.-n
YU

Since Ay~ sp‘»' assumt  thare are matcices S, s.t.

Now, we need ¥ {:iml &IM\&S {b’ Sn.
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Sul.a\ahhu\ into Yt stake ubw.\im ooes
*u\ = Ax& = SR:‘BTSKM ‘ku
60\\0;-\1 ‘FD' xu‘ ﬁ'\obs
. -\
o= (T+BEES) A,

whidw & o 'Ebrwud, \"omw fLcursions G( e SWAe.
éu\d\'i'\'ul\"\f\‘\ }13 30(,, invo Yo e G‘BM’“W a&‘.us

SeXp = Qe + NSy, Yuay
-)
= QY + ATSQ,..;(]: * Bt‘gsul) A A

Since ths  must hold {v a\) *;' we See Yhat
\ -l
% =9+ N5, (Tree'T5u) A
Ansthar  wad o write this (u.sia\ e et javerson \u.‘.“) is

%=Q+ A (sm -S..8 (gTsh‘B + R\'\efsw) A

The above o.%uo.’c‘\ow is bwown as Al Riceabn Q‘bu.:\-‘\ov\..
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Since we kuow Sy, we can find all §,. We can Hun

wrilke wnthol
o T
ut = -K 6 s‘_“ xh,.s\ .

We gve almost -H\uv., Lut u, cu?us.d,; on Xy whicle S

o furure shute.

Wy = -P:'&TSM (Afu,d- Bub)
% (I * Rr.l 67$u|5) ub = "KT‘ BTSV‘ Ayu

?u'mulﬁpl.‘frj L‘ R and Irwul't‘«‘ a\im

A

we = - (Re sfsu.s> B S A X
We new dz[-uu. e Kalmen TM- as
=
KK = (K* BTSB‘ B) BT&*‘A
50  +thatr Al conbhol i3 s\‘m?H ug"’K\“l. Note ¥lhav 4l
Kalman 1M;v S 'h‘nu.-ku'n;\.l eNein -Y\Mwﬂlw A,B)Q.Qz are

Hoa-iavarient. This s « funlbwk contl la Since ¥ Aependy
oA our  Currenk Stmte iv, =~ wor +the nihal skle Xg.
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While Simple 4o inThmi-, we shill hae 4o slore o sa.buum vf

S modriceS.

One  approncte is o consider vewy lm] hoe  horitons where

N-k > @, Tf 4k Sy rewrsion reades steady shie Yrun
% = un
Algelornie  Riccak € guakion (ARE).

9. Tl abowe Riceah ub,.diow beromes Yo

5= Q+ A (s -se(87s8 +v.Y'v,TS) A

The Udlman o\u;vv is dhun  constant,

Tu“orwm\ Theovem @ Thae above hold when

(A|C) s observable whew Q<= ¢7C

and (a,8) is  Swlilizable. a
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How can we find the sheody side matix S 2

— One oLppY Dtk is o Fidl- an Sy oand emde  Lackward
unbl a4 stendy shte is readhed.

= MATLAB has A buill-tn  command i dare .

(©2022 Matt Harris
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How can this be used to dmde  nonlinesr Aynamics  Gus\~ as
o 5ru.&m.«%+' n or\»i-\—}.

Tha o\‘.‘mics o‘ o~ ronlineer  Susten~  re c\im L.S

i = {L*l“)

We wanky iy &15‘\1»\- to ‘Fb“eva Sone  pre- Com puted (o?\-im\)
-\—rﬁ‘\ov\vxs denotred b\s x", W Lineadze alowt klus®

&= 9L Lg",u") Sk V“Q (¥, ") Su
Thun Aiswehite (e..a\ uss'ms Euler in%-u\fw\-im)
Sty = Sk T W (T L0 81 v LG (L)) Su,

= ‘I + W% (% ,"'t\] S+ W (4, ) S,

= Au_ S*k * BLS%

Thus, "Pwhr\vul“ At‘mmics are  linear & tine “Vanqids .
We can Solwe dhe  LQR prele— ,F, S 4 Sup.
Thae actnal contol we apply is dhen W= uf+ jue .
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Disurete LQ Tmokiu\

T Al previeus notes, ave o\mb\oYuk o —fadbu)t. conholler

+ "ru\wlw\-z“ Yhe otv’nmnics y '|-¢.) ku? Yhe state clse 4o pero-
We will now develop a feedouck conboller 4o “rrucl”
C tfeverce owl'rw\' hru’\u,\ov\‘.

O

R.a{cunu. M\u'\wt‘ e % one  Lhat may not dePu\-d on all

SAatesS St dhet  Owr Qoal 5 to we lilie conbdl ang
have Ca!g :':': rk.

The Oliscrete OFHM\ Covtvel rrb\:\chn. at models Llaus ?rol.\uw s

i ‘1(6\(” - rﬂ\f P (c,x,, - )
N-l

« ';‘: 2 [(th- VLTQ (C\ft.— rk.) * “:?‘“"-]

k=0

$u:l93. AL *tﬂ = AYE_ * 6\4\,

To Lu‘;vu m\ms%\'-u\ e Proum , write tha Hamillonian.

e 2 (ex, ) alen-n) TulRu,
1

+ )u. ‘ AXe + 3%\
(©2022 Matt Harris
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We'll assume that A=1, The  oviute onbu\-iow s
A" AN, * CQex - €an
Tha s-h\kionuri\-u‘ condibon S
0= Ruce Eher * w = -® 6 ey
The -\'mnsvmu\i\-“ Condihoro S
Ao = CP(Lt- )

As we did bc,{n«., we'll use o Sweep method “’k""‘“’j we

assume
1k = SK K‘ - VK
Tha  Conbvol ubw&'om is +thun

W =- K;. BT (Su\ ‘u\ - vv.-u)

\

? X T A% = BR'B Sy * BE B Ve
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Sn\o t‘r-‘ —Fr xgﬂ qius

y (P (I + 5?:.3151M)~ (Afu,"' 3?:‘37“11,«1)

usims this Akt Costete ubu.d-iow gives

S¥% - Ve = CQex, - CQr * lf(s\m\‘w ‘Vu)
= Cat% - CAan - A've
B Sun (T BE'E o) (At BR'E ven)
Gmu?\'us oM of  Hhe ard  non-x, terms  gives

-l =)
[' % * CQL+ N5 (1+3K €5m) A] .
*[ \‘K - C'-rQ rk - A’rvlﬂ v A.'Sl-u (I*’ Bf‘ﬁfﬁ“ ) B?‘.“ 6-‘-\.V-*'\ =0

Qe thiy must held ’F" all Xy, Yool terms need 4o loe
2ero. Tha Fw‘i'\' terme leb5 ws Fmd 6k GS o -Fu.no\-i on Qf
5,,,, . Tha seond feern lebs os {:M\-A VL as & 'F\AILLHM of
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Tha othd conhel iS5 Hhen
U, = ’R.,‘ %T 1[_,‘
= —K‘ GT (5‘,,“ xl-ﬂ - '\,k“
-\ 7 -\ -+
= -R 8 Sear LA*L*GQ\L) * R % Ve
?ﬂ.‘m“‘iP\-‘ \ms R ard  Solue {o( U .
~) -+
U © (K“‘ %fsk_ﬂs) ) (' sbﬂ AL + Vv.u)
We can make fungs lode ncer if  we define Ao
. _ ( 5 ‘Y‘ T
Fecdbach Coan - kk = (R+ BSU,MB 2] $y\ A
-\
Feed forwand CGow ! k: = (K* 31-5;«\5) e

S.%. U= - k‘ih. + k: Vi .
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Whin  the  dynamics are Hme-invaciant  we  can ook -
Sulb-ophimal Constant feedbade gains. Ps before, i§  (A,B)

5 reachable and (A,Cﬁ) is observable, then dhe
recarsions ‘fv Ky and K: veacth Wﬂ\ state at N-L -7 ®.

Tha  contant a\M'M PR (Y
|
K = ((‘S‘-SQB + R BTSwA
-\
K'= (Fset* ) 6
~
Mbc -\be + K \'Et\

Tt oppears Yt e hoave 10 gl she Yl Vi Sr.,abw.
Bub we dedt. Tusherd , Shre N ok than propeqete

“und us“.\ﬁ

Voo = (a-8k) v, - (A-8€) CQr, .
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Discrebizahony 01‘1 Nonliazw Systems.

Bus Msw\a.uus Pimu;tsc. constant Oon’(vb\s) 4l discrcﬁv\.h;w
and  auwmerical  soluhion, of oP\im‘u%c»h;w Prol-l.ems witlo
lincar dynamics is rc\u’n‘ualw sm‘w)w:{wwm.

f’b‘—"i?v’ W mu.s be

Given o  nonlincar fuw—\iovv
ll‘l\M( me;Mh'ov\.s 01-

\)ossiu‘. ‘o decompons i+ inbo

basis ﬁmd\;vvs Tz({-)!

®
flh= 2 BT
;:0

) ‘“\-brt are

Jus¥ as  there ace many bases «Gn WS
m&m‘ bases fv o~ 'fw»chom 5?“1-. Tn +these rw\-es.

we will use  Yha Clwlowskw '\>ol..‘now\‘m\s as the

basis fwkows.

(©2022 Matt Harris
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el

These ?o\s‘nomia-\s ore d&f\‘m—c\ on tht domain [ 1]
and q‘wcw ‘o\‘ e {ormw\ay

T (e) =0
T (» = ¢
T“-N(.“'\-‘_' 1‘ET“ (‘\') - Tﬂ"\ (.“’)

EXumP\c : T, & = at(vy-1 = 24 _
Ty = 2t (a8 - ¢
= qE -ak -t
= 4 -3%

We alio howe culows\m Po\xjnom'.a(s oQ He Second Kind

VRN
U, (v = 2¢

Upat (N = 26U & = U ()

Boll. Kinds of okwlou\skw ?o\1nomia\s {wm an oﬂkoC\oM\
ba,s'\S.
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The  Awo  kinds of Yo\v'vmmh.\s are  related L‘
AT (0 = Va ) = 0, (+) ' Tal = Vs () = €ua- ()
Thay sa\%{»\ o nwmher of interesting propu bies.
Tald =
TulY =0

Vnl) = ae)
Un(-\) = Q\\” (n+0)

Thee deriunbives are also  related.

O; 00 = (141) Ty (1) - £ Upl)

-

Thave are otlar Yro?&(‘-ios, “o0.
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Qupprse we  distretine  Hhe interval G, indo n+l wodes
to, t), o) tnerr The funchon values ave {Lﬂ).
We can thin wie the fink nel poynomials to
APPrwiMh tha -fu,m,ﬁovw.

n

{ (+) = ;oa;T; (+)

Howwu) we  must -fin{— so\ve “'u e QA values. Ths

1S uni\u\ dont .

- -

i { () Tol) T\0e) - - - [ a, ]
.‘L-h) = Tv(""\) T‘(,"'\) - - a,
L {(“‘u) L To ()V\-\ T\ (,"‘b\ ==~ JL Q. B

J\/V—J

— N————~—
[ Al ~

y n=7"%f

After c,ow»?wh'rv\ eadn T-JA'Q, we can also
A\)Prolimhk Yhe derivabive eg {

n
£ = Z a, Ty
=0
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&ASiN\ Yt Samt matny nestabion as alove  evaluahions

J)
at tht  nedes o‘iuu

=4‘-'5;

-t |

v ]
>
>

That b5, Hhre 15 a madrix D that maps Fhe function
volues ot nodes L 1o derivative values at o nodes.
This mateit is called +he " Differentiation Madrix.
If we hawe o choice in tht node seleckon precess,
we n  (hotse tham W a wau o minimite the
o\??ruimk\'ww erdr,  Tha o\>{-ir-lhs Placed nodes

[[} (1]
are  aled Ch\.\sswv nedes,

ke = oS (_1_\‘. (3_‘1)) , K= ne
2 N+

I+ is commans -Ew Ylhase ?o\c‘nomla\s o Lo wsed w

ophimitabiory  and bwmluv\ value ?rol.\m.s. However )

Aht  nedes do nov  always lard ar thi end poiats.
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Note dhat Hha  differmbabion matix deperds o~ e
. node  seledhion.

4EMMP1Q—\BL%_“'Q_&PPLDJ‘LM&LA‘A&U M&t)l

. o D witl a=2.

A_mkg&_%uwk_\a Jhat -(-u=-\,-h=°; -\—1-;4;

\.

Tole) Tty Telu) | T v - o
A T Ty T (W)

"
o
'

[ To(v) Tith) T, (4) - LU0

Tolw) T(w) Tolo) | To + -4

Y = .i-o (w) :"\ (P} _.\'z (%)

0
o/ 0 O
o

L To(h) Tih) T () 4 L
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Thae dlﬁerMun malrid s

-3 4 -
D=TT =\ -l o0
“ P-4 3
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I ndroduwchos +o OFHM'—“\—C&@L

We will oP-h'mEu tonhnuwows S\ﬂs-l-ems whose emoluhon, (s a‘oumu\

bv‘ ordinacy di ferenba) obm\-\‘ms. If You veall, ows -fmw\
;nb Aisrete o‘r\\‘mq.l vl way mehvated \»\ Swelv  Systems.

Tn Continuwous oP‘-'ml contvel, We no lomer need b discrebire

) w\t‘tc Yhe -Pw\plcm-

A standard oP{'iM&\ conhol PV‘OL'&M; S

h

min J < *(‘l‘f‘f%) + SLL*,I,U\-) dt
+H

Suﬂo‘s. Yo x= {'U’:*M), Yo s ¢\:~NM.

Yl %) =0 w6

As wm  discrere O?HM-J contwol :

° 4’ is the +erminal or Muvr (7335
* . s ke Cunn o.'\‘ or Lu\rm\.. ot
-g s dhae S@\-&m du‘n amicS | {athal condibion

y V S the Yerminal constraink

Nl ke ondvel conttraink
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-l'¥
min *{. b7  hua S\:L’c
4o
. *' ° - .
'\P("h“e\’ *‘E =0

Nubyn & ‘0

Y
Many ‘\’ Wty lll ax ,
)

M: The LQAR e\a'\'u-\"t-“- 1Y

.13
-
min L ROOS, Kbg) + 3 Sx{J«)G X0) + W) Rwth ar
L4 \] ¥ h
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The nelesshny condilons {" an Q?h‘m\ contvol ?ﬂ‘o\m ave
Pmu in anokler Seb of ke | T\\.u‘ are (pmww\‘\ Ca\\ed

Yhe maximun ‘:ri:u,.}h.) 'Poul'ﬂaq(a'-s ?riM\?\g yome

Tha Condibony are® IG XA and o oave minimiders | Yhn  Yhere
s a (1,,)@\)# O witw ),é?”nn’( sl tlar

H= 2L + fg-
C? = 10* + 'U'T‘V
x= M= {
)
A= -4
2%
Alg) = 9L
9*5.
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A (omment o~ Vechr  derivakves:

Given & Swalar-valued vector

funch;m -‘: : fL* 2 R we denste ibs qrdiml- as

3—@ 9*{2 ch

[ 9‘“91\

>,

N

]

J

\,.o\\\c\n- is nyl.

n "
G‘Nw A vedor-valued vectr {MOHDN Y w - Ik , We

Aenste s O\VAJ‘WJV} S

= %Y TP = WT

¥

whid~ s nNyYm.

S0l expand dhe  followiny:

Costaie obwv\-iwi A< "M =
rhs

i,

bw'/am

?ZI“’

rh N ]”\

- A
3%

+.—‘nw¢rsu\;h1 condifions (’q) PICIRAPN 31 3_1’

N
—

’

e [y

-

% 0% 31{.
Hip = -2 " =% - ¥ v
oYy oty Y

Miny autl-ors Use olr (onvenbions .

This one i Ha "Clesncat,
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Examg\l.! Let's think abowt & St car on o skraignt trade

brping o veadks the finish line a5 quidly a5 gosible

M Y%
5k. 2=ui %20, %=\ -ttuwtby
H= Aw

6= an*% t '\T(i%'l)

Than  Stact qofg! throwle e condibions,

g
j-.: 0 (n.ums Ais (,ons-brﬂ—x
;\(A?\ =V (o!ius no useful infu\)
H(ﬂ\ = -2 = ;\U{-) \L(,\-.s.)
) S - A0
W = ardmu AW T uwW = ~
- i.-b 1) “ )y A0
sum‘n\-r A=0

Solukions cannot oumr. The e#uml ntvw\ s eibler a,lwﬂss

=\
0r algﬂggq) +\.
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If w=-l, thw X = -b . Since 20, uwe cadt sakisly

Yha  fiad  condibon XU =V,

If W=+l thin X=t. Tha {-.‘M\ condifion %w\-is(':iod whano

The oloh'rul onbel is W =1V 9 16 o).

j&m?\o= Let's minimize +he eneryy o mwe the v {:Zo.... % =0

h X =\, Iq‘uu flu  (oniwl Costrmmnt,

sk Y=Ww . %TO, K, =|
93

we -(‘:irs{- -E-m. 4o Hm's”un;am Ll Nfow\' fund-th:

H= l@u}* Aw
[ S
C7=v(X€-l)

Tha leh'm\ih' Condihons ot
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2 =0 ke inhuwy. L inimurm
ondibor veduces 40 w=-® or +® , jnpusishent witle ug =0.
Thus, Ap=l. Tnh +this case, Hua oy deatic funcbion is

— miamized  whun W deduskut is Rew) le., W T -A,
Tha H{ =0  condihon ndicades ,!iul -u.l = -%u =0 = w=0.

Bt w=0 wonk 'm,‘h‘sh the Bounl.wu! w;kms\.

The infimun is Fed buk & min des wt eant.

This ©» ¥ qﬁw‘wa\w\- 0(_- h‘l‘“‘! o minimite
e')(. Althoush  petivated by o real problens
3 3 11 ’

Yla ?uUu». s ill-Posd.
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Let's now f\'! Yha (‘-‘-tm,\ Hoa ab *%=‘L- Then

Py kr= [ \"°
\&-2)

0wk Rons o

(9_" U, L!.g -‘) - v;(.‘te-l)

Tha +mvmli¥\1 Londibors  bheconmay

Hiyg) = Vv,

En«nﬂk"«-‘ oL remains the Same , ond we ned Yo fsul o~

corngrant  contvol  Yhet a%u-s -'an- 0O ® | w 2 Seconds.

IMF-};Ml condol is ut) ='a o +e(o,2).

EKM?LZ Led's now lel ok e minimum. "Kobl 'Prbucm.

mn, ! lud | ax
[»)

s.b. ¥=w, %o, Y =

!
1
o
o
L
"~
<
-
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The Hamilbonian and c.Nl?o.m{- {unch'ms are

W= ;o‘u.‘ t a

G~V (1{") + V;(‘\“-E 'Z)

w e a.rq,vm;v Aolwl+ Aw

~lLwt
'T-f “o’oi then UL:\—‘ ) A20
ﬁ-&‘ , 2¢0
('ﬁﬂ' ; A=0

Note +dhat +his siN\‘w\uf tase  connok owmr  siace F soud

wido\ate Mv\—'\'rwi‘u\i‘w,- A\soi w=-1 and w=+)»

do m¥

Sa\'iqu) LAY MM‘ condibons. T, A=\

T ah's . Inhase  prinimun comltkow, we need o

Minim 12 l‘u,l-i— P S\AL:\)- }o ~lewutl,,

*TE A3, thuw w ==V This went dke ws o Fhe
fined  Domt.
\

¢ 1:('3 -1eA L j Ahen w=0. This womt ke vy b dha

final ‘l‘n\;\\- eidler,

*If Ad-l, dhen W= L. This wodt ke uws do Wy
'F"‘.""\ ?OV\\' eNur,
(©2022 Matt Harris
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Anrstlar Sil\ﬁ‘w \ hiy ¢ onl

Q?h'w- T musk e dutr A=

* Ef A=V H minimit i — walques

+) € i t [o Wl
" evkremal me\iiogﬁ_m_mgﬁ&&_fv_am—bgw;
Convol.
! ist jons °

winh = 'Iz ¥ t — T = |

W = 30 ) +e[°u-\ —_ T =\
] \ +e[o\q

TL\-UY‘- are qu more $0\\U‘\‘\‘°'\—3. Likv& Y¢1 \ar © l. i1 ]

roblems el wivol ?A\o\tlws mu»\) have wo solutins

L4¢ \soue AOA NYJ or ‘nile

meny sutons (\-Hnis i‘)rb\a\cm\,.

__Mow do T kww J=0 s \ ) >.
JL‘_F@» s Convexe Jolve Yhis as o Aiscele o.ﬁah’»w\
nivrol pwoble y N .
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A H 3! ol & Stalar ini hol ene

{)m\\t,wv withh  \lacar o(q,vu\m.'cs.

. g
m in, ES“?—‘H
o
s.t. %= adsbw | % i ;
)
The Hamillonisn o uuh')o.m{- -fuuc-l'im& are
Ao 2
M= Tu+ Alaxsbwn)
G = vi%-%)+« vl -%)
ha y e 1Hown' A )
x= M * Ar+bu ;.\ - T - ad
(P 34
A= K = W
9%{
Hig) = =M = v
(4
—uiiLé_nucqm{m A whs Abw
o z
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Sw‘:?ow 2=9. T ?oiahmw minimum. condifion [mplies

u‘.‘-‘ tm

,_w\m'b‘fv is iu(‘:uuil-lo T would o\‘\;n inf;‘m\-c o3t

Thus,  Ag=\.

The abwrak\'o -(‘—‘u,mh'm S Mmiaimized when i q‘ruucnl' (XS

Suusk\wh'm‘ o Yhe Shde eﬂsud'\'ow gues

= ar -b2

Qince e (ovtate s |romoqenows, i solubiow is owen oy

a(dg-4) 1

AGY = ¢ ¢
L )

Mulu;ql Yhe shnte oqbuhﬁm

= at —\}ef‘(‘f—“;\

L
h)

The solutiow -\'o th C%M";OV\) S

t
ali-0) ale=") 3 ol -7)
1) T e Xo = Je Le Ac dk
0
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Mﬁ_‘.}_th_{-}wgh_qius

23
u*{-xo - S aly-T 2 o (-7
o

x{' I e L ¢ A(‘, da~
= Cfa‘ffo - A.)l‘.
$
now  Solve ’ \ A'f"‘
= ot - X%\
/
A
MWL iato *h_tm}m_ue.m\\'m q‘s‘w
alyg-1)
Az e (& - )
AN

The gPh‘M\ ntvol is  Yhen

This  contwl will drive  thae  (a,b) Systen (fvw. Yo

t A n if Hoe o minmize the conhel mqu)

rcqaurul v do So

Note how similar 4he process s o M Aiscrete ou\m'o\c.-

(©2022 Matt Harris 121



Lecture Notes on Optimal Spacecraft Guidance — §13. Introduction to Optimal Control

*EMMMP—"‘—PM‘&\J‘N‘M’ v, whacle iy av_*.&%i
\aﬁm‘_’m_ﬂ&ﬁ'}n\- witih  tmsant veloay

V‘vo V,
AN
\'t
—
W ¢
. —>
¢ Q
Tha s at fav . Tht evader Slards ad
tha n¥ . mic$ 0“- Yhe ‘)W( b
;( = w : A= aws © (\hofimh\)
y=v_, Y= asn® (verkical )

Tha  Wnowns  (onstent  Thnas mu\ni\u.ﬂh. s ae The Condwod

variable 15 Yl Yhase ana\e 9. T\ il)umu«( wonts Yo
\ M—wcq‘* Yo euader a5 qs.icb\o; as ‘possi\.h..

Minivite *g su\,'\‘. fo  alove ODEs.
y ) = W
*0) = R+ Nk

Thus, P4  wnd ¥ = [ f-R-Veyy ) =0
i - W
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Tha Hamilloniaw and &M?o;n\' -Eu.nd-iows are

M= WUt AN+ Q08 + Ay 45O

G- 20“'{_ + V) (1}" {- \IQ,‘*{,) + V;(‘“,-'\f\)

Tha o?hm\i-\u\‘ Conskions ave

.K-.—.\L,) ;!'.:\l \.h=0~me’| \.]'=0~S\;\e

)
7

).‘JO) jl:b) j3: M, i‘lt .ty
v ¢ ¢ ’

-
)\ consk %m\-, )3--)!(&‘_-’5)-&’,\3* )\!z _)1(*{»’{7)' )“‘.

R
W

f Y, Q= Va, Az 0, A0

[d
L

=
=~
|

= - * ViV = Vi + Ve
N v

o(v) ¢ o.a‘.m;v )35 CosW + Ay ASnW

w

? )akSu.f\e = 1\& s® ¥ fan® = 1\‘

A3

Wsing tha  Costate 4 hamwersality condibens bacther, e see Mt

Ay = =V, (- A= -V (4 - %)

)
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o alled din Lilinear danpet \awd,

T‘M“”;
tan® = |~ (g -4) = vy
v, (4 -4) i
+ ke Emal thrat 1S Constant, We Cen
w S 1a e wahond.

3
W = At(&)e R = "i“‘l’ 733

N \ .
v = ‘,\ySMO , s ‘iﬂk swn®

£

Ar dha !:\‘M\ "‘Mi we must have

(9 = Q+q¢+*—] . tm® = W
1"\’0.*{.

pi= =

a\-}'
1
0\"&'5\%9 < W

The Oﬂ\q‘ -\L\inql rema‘m;vv\‘ FTRE 1) —ENL Yhe o?h'm.sl —f—iM\ Ame -
One w ey o do dhs 5 do Sgbwc botlo Sides 1w fle above

%&“Ms ard oadd.

i‘i“z (7: (3;339*- Oos‘e) =+ (l*— \l;l:g\z

X 1
2 .l,a *2 N R‘+2!\I.,+*+\I:+,(

This aow'\'ic wahon Can e Solued fv' ‘F% = +he
M M~ iu\-‘fup\' Condvol .
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Nov\'silm‘ular Minimum, Timt  Contnl

We are now o‘ou'ws 4o Musﬁ)&e, oPh‘m-.\ Conhol levll.ms \ow)mk

e LQR Parw1». Laig Fvob\m,s are fmgofknl— - es?u‘m\\q w

Mhhq -l'vwb Fvoblcm. Mam« rmbums do not .FH— Yhat Structure.

Exam‘:lc,z This i3 dhe minimunm. hisk  conhol o{- ~ doulle

:Mt“fnhr- Al Cbuan\-ﬂ-‘ws are Sw\ars.

4

) S |4t

5.\, ;|=1z ) (o) =¥y X ('\;.\ =0
WEU | Xy =y % ()=0
Y

We chn ¥ha WH{.S b..‘ ‘FDIMI."J‘ H a G,

H = 1o T A tAw
G = v‘(x.,e-o) + v,(x,&-o)

Tha (vate < +ra«n5‘tbr$a\i‘\s condibons are

AT TR T 0, Ay 3 Ty,
%, ax%
ST LI B NS WAL L X
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H, = —2L <= 0O.
) |

’a*g
ny ! \ \
. -\ 20
w mun :\.’U) = S , X
ol &t ] .1 2, €0
‘ $;Aﬂu\&( )‘_.:'—0
A ; i ; ha \ \ar . kot =0

n- v interdal g-(;- hme.

A,%0 > i,ﬁo ® A,=0

(as Seen %mw- e costeie l.g‘uu\'\ov\b) At Ao &.m\ fime,
o 0
He = 2, + A +/;_(: =0 % 2 -=o.

This  vislales nov\—‘\'ri\l\m\i\u‘o We e

§
3

_Case.  Sanmt  olure

As o r&Sg.LL,_{LMn Yoke m\g! valued ol‘: 2 AW

Obs. (1 nchon. © ) mr\a

JJ'_mA_bAL‘_smAn!Lsiﬂws one hine. Denske swih &
_sunkde hine as 4y
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Thas e ave Y Fossﬂo\c. Contvol  seluwMony ,

( +1 dielaygl
w= [ -V ¥teThi|
1 N YEehA) | o drelh k)
| -t teThh) , «1 ¥ xeln %\

Becawse ik s ;\3 thoet s Ml‘% :uru. onbwe\ imﬁ;&\-;

is soms teus caled tha “suildiing fundion.”

YON N = t\ .
Iﬂbﬁgﬂgﬂ the swie uéu.'\\o s withy w qggs

3(,'=‘!¥+a-

X = tit"+ av« b

= Y. (o = ¥, ). inaking T gqives

Y §

il v ¢ £ir w= <y
C 2

= -3% + 4 -(.f w=-\

»
-
]

»
-
'

We Can ?\o\' ihe ?Mu\.o\us -“;r Jacilows ~jaluwes ge C v A&

(©2022 Matt Harris 127



Lecture Notes on Optimal Spacecraft Guidance — §14. Non-singular Minimum Time Control

c 40 pa 4 {_eQ C> g
| -
W ~=+\ w=-1{
° in r F
J&_\HMML’_% W=t wll move w Q‘uw ‘gvtw-
L e ‘ =\ i lado W o wedeont
. w4l " 4l “‘%\'

_gpedeant, we an “sudds’ de WSt and gp Sheiqet b

)
This  mohvates W 'EQ_\M‘% Swt'kkfnq‘ CurveL- ¥, = - 'ixt\)(;,\

Il': +tha Current Shte S M_Sxﬁw‘_wm%

& Contvol o-g W= -\, l—"‘: the  current state 1S Lelow 4

|. ace \ ) WU s +|\, ¥

Current  stake 15 on 4hw sw.\%(nﬂ urve  arnd ¥y 1S
?esi\-i\n. (h.u\a’n'w.«). Aw\u\ w=-1\ (“-e.-&l).
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Since  Wwe've  Solved tha ?vb\.\ow. {o/ a,m‘ wrreat S-\-\:H)
this  combhubes o feedback Conhol law. This is Hu loest
i:ossi\ph. Sitwation.

We'll  now CXP'ON. two other ways we AL sole this prblem.
T\\.us will resuid In orm-loq: Solwhons wu..anu\‘ 4he So\who S
slauif\‘c. do 4Hae inilial slale.

For a fired final Hme, we could
discrebze  and Solue in ‘lulm‘P- Tf Nolmip  returns infessibla,
we khew our f\‘M‘ Tt is too  Swall, If ‘(alm'.? rebuny
& {w‘.u:. answer, thiin Hi  minimum fs‘M\ fine is less
Then  or eaual o Hu final hine wsed.

Thws, we need 4o Sl oo Sequence o‘- \(a\mir Pn\p\cm
5“1’60\.‘:\1 fbf dhe  |east (‘lM\ Hioe {bl whid~ 4l Tn\.\eoy..
Y -fw'st-

This "'1?" e{r m??roubv S alled n Direck Method. TY invdes
en\\‘ At Sthwkes & contwls. T¥ dees nor involve Ho
costates.
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Thae S\rm'h‘ﬂ mothod is an Tadireet
Method. It wses the covbabes, ank b dvies do e M
g‘:h'm\'.\.x condihons.

Rm\-m-'w\ o e o\;km\m‘ Londibions, we  can  rewrite Yhom
as o  two- Poinl— boM valung ?mum.

X = % WY qiven | vil) glosw
= -sige(B) | W) quee  L0D given
A =0 ) }‘LD\ unlbnowns
A, T A, ALY unknowns

See thar Hae inihial covches are  wnltndww - Also, e -‘:im\
e is  unknown. 'TMS) thure are Yhree wnknowns.

Tha oPHw\ Gontvol probleme. W Leen reduced b a rook
‘n\m;us provlen. Ouas A1), A0, « '\". S use Newdos

Meltad  do demmle o Sakisfy M 3 Wms.
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Unbortunately, dhae  above  poblem

IS non-snuodhe  because Qﬁ Y $}r\w(3;,\ feim.

Tha Frauu» tan oo o\rrro!.;m\'d & Smed¥a uu‘ us;u‘
the  fae fundbon To fack,  lime Aenbo(q) = sign ().

S0

Thas ) e  Smeo¥h bowduu‘ Yalue ?n),\ew. [} Y

X = %

Xa™ = tanklyhe)
2=

A= A

it all other CoOndbrainks tha  Same.
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Terminal Descent Phase: Let's now looe at a variakion

\o\¢ e '.L‘Aa N\ MASS

dﬂnm(c&. Consider a \unar | r a ¢ : mina)

oescent phase.
! T

1

;(l = Xq
)(,_ - = q' + T'/!lh
m = -
IL.( Qkig,gh'% is to minimize tha fli%hl— l_'inu., ard Yhe Yheust
\ T, 3 me alh arkh

Jﬂn&i‘%_’_‘ﬂggu.wm\'_\@ on. +he su.r-(‘:m wi¥lo

2evo \lb\,oc\k?‘ )

132
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Tha Hn.mﬁl“‘on.mm -Ew this \i;rob\am S

H=2, + A%, + ),_(—q‘ﬂ'/,..) * ;\5(“*-‘-)

The costte enbv-x\'ior\b andA ‘\'mnsvma\il'w‘ condibions are

o -9H

A G 2%, =0 ) ;‘n_%_' = v,

o -4

R VI N P

y - oM w= AT , A, = O
m* !

Lp&iﬂ&\_&u_ minimum condbore is

T 6 aramn [ - ady\w

OtweT, \Um

\ o] —Az'/m-d.:\3 20

= 7 Toens allm‘“:‘b <0

| swswlar , ’1/m—a:\3% o
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We will now invuh'é‘;i&‘}—kcswimfmb that

A =
L/m - *')\3 = 0 on  Sont  interal [, ‘+’-—l

¥ dy- amdy - dmdz =0

D -A, + &T(da'}— -'\7'/,,,\'%0

-—
o]

2 A, =0,

[
Thus, 2, is Fero -Ev e\l_hnt Since A, =0. Furkhermore,

32_ is  C(onstank. Ld"s losk at 3 Cases,

1) S“P!""‘" A,=0, Then :\520 on [-},i-l-!:l Sinct
%/m‘ d.q_g’oo F‘u./l'karw&! —j3=° e,wru‘c?‘w\rwrt. sutl~ that

$\3=o wc,r%wkw(.. At +tha -'Fn'rwl "1'14,. 4lee HM‘-u’om-@m

is tery C,nu.ms.n-qJ A, = 9. This  violetes pon- {'n‘viw\ikg .

Thas, A, fo.

—3)_3311‘:&5{. 2,20, Thin 2320  sinee ) - oA, =0 .

Also, ;\3 >0, A 'EW“M Xhat Pos(\—iw. « "‘:‘M‘;‘i

Cannok  kermincle gk tem (:\3%=o), Thaes, :\,_fb.
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©3) Suppoie 240, Thn 2,40 and 2,40, This ik

'S im?oss;kk_‘(if_&funj_li * 0.

To  Summarite, e assumed Sir\-ctwluih' and Yan ovrrived

at variduy l.m?OSSi\ol\iBws.

We new kkow  that

T = 2 0 a"/m-°‘:\3>°

3>
rd

( Tm a"/m._. &33 49 .

We alio know thak He final phase of Pugt  newst b

-{’kwﬁhﬂ'; or dse the veluds will et land with 2en

vdu.'\\rq' .

As su.cb..l, we "La?w\'" Yhae o‘pHM\ jolubion %o Lo o

coo.s\'iu\‘ |‘p\~u~¢- (_l\o {'lrmui") -('—\vl,\mm.al .0\4‘ o {)oww«l Pku-l-
(4hrust).

This is shovn i +he 19LY ng{LL“] Maditel.
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53(\1;”[“ Minimun~ Timt Coniwl

We will ctonbwue our invub‘a‘mh’ow of Menimun Fims ?vbb\oms

lpu\ \oa'l—l"w& at  vhe rendeavous of s]:mcr»fl— w LEDO.

Cpnsn'd.vf the relabive mobon bf 2 vehicles d,cso;nl,u( \9‘\
+le ‘ﬂwf (SWY7 ubu.wHows.

x= Axvrbu Al 44, b Yu.

Tha \ecv\ is 4o drive the ‘S\IS-RM —fnm an  iniBal  swhe
o 4t ort‘o\c-vu v minimum. tima w‘ bounded contwol.

Note Yhat T've wrilew 4l contvol in{-\ucnu. madrit  as

lowercase b l‘tulc'u»\-irw\ Ythat ¥o conbel iy a swlar.

To answer this cb\uskm-, we need bo look ot dhe Lon\-vulhloi\i\\‘

many,
—
e = Lb, ae, KAL), i 5

T this mabix w ful fow rank (1), flan Ha syphen s
m-\'n\\ul.\d..
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-
Led's frrst assume etk b= [©,01,8). That is, dwee is

conbvol on w dha  lowl verHeal direchion. Then
rank (L) = 3,

and Mo S\‘s-\'ewv is  as¥  ¢ontvellable.

T
Now, assume vhat b= [0,901] . Thum,

roank (C) = ""

and tha syskewo i3 Conhellable.  Now  thab we now  the
Systme  Can e Controlled | leX's  analytt oplimal solukions.
As alwap, we bugiw Ly weiling o Hamiltonian o endpont
functions.

H= 2%+ X (A Lw)
G = \r"(i‘, -0)

The c(nbte g -\-mmwusa\lk& condibons ave

i=_ATJI 3_‘,'-:'\1' Hf'-'O

(©2022 Matt Harris 137



Lecture Notes on Optimal Spacecraft Guidance — §15. Singular Minimum Time Control

Tl Pm‘n{—w;% Minimumy  condiborw g

. T _ -\ YL * O
w € arﬂ mre Abw = y 2
-l Ewk + , b <o
5;“\) b =0
Lets  See iﬁ Yo s\'t\nsw\u a3l can oMl i.z.) s o

Fosé;u‘, -fer QTL b e ero oA a wnon- Yrivial {akerval o(-
b ©

SwFPou. 1“'\,30 on am inkerval C-h){-;k. Then, L‘
di-ﬂmnhw\"«", we qex

Tb=0

Ab=-7TAL =0
-AAL = +TAL=0
ANL=-Tnb =0

We can  stde  dlase uP ;w g sy fnrw—

-
Lv, ay, Allo,P?la] A=0

% ¢2A=0

(©2022 Matt Harris
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Note that if Cis Rl mw rank, then € iS5 full columr
Cank. That is, ik naul space is frivial and the  only
Solubion is A SO,

If A=0 an\‘w\wn, Yen & g,bu.\,\ o ten um.sw\wn. Sinee
it is e SOlufion of oo ho-wocsmus ODE.

)

Q
At Yhe 'GI‘M\ Yime H= 2 *+ ?f(,k!*-\pu) =0 = Jd,=0.
This violates non"‘\'rw‘u»\i\'\‘ o Tha, Sil\asu.\a-( soluhions  cannst

otcmr anrnd  Yho o?'HM\ conkvol s \ouu\- \panc‘.

The aralysis wowld e very similar, but we would now
rubu,lm. bote  Conbollalilihy  maivices

c\ = [bl) A"l)p‘zbh ‘QLl)
C.= [\n., &\a;,&'n, '?Lz}

h e Qu.\\ o cank. This is \Lf\' as On exeruse %v \\«-\
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LeY'S now  consider  tho  renderyous of three vehicdler. Tha

neww  Systemw A“namics R L 4 ’B- ore

—A- = A © . = b To = (0
( o A) ) b\ ( D) ) L k)
whewe A b are o Some as above. G-.‘ d.uf;'niml

8= [Bl) ;t}
ir is o Simrl& matter 0 show 4hat

¢ = L% a3, ..., 48]

{u\\ o rank

low

= LT
ond [

P\

rl s
b4
{l 6"'

.n M‘\' .

}‘.s nok
)

As o result,  we cannot rule  out su'n.a\w\u solwhons
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Led's Suppose _“‘, Concreteness Hhatr Wy is Shu‘u,\ar. Jusr because

ik s $\'N\W\M doesnt mean  that “1# 1-“‘\. SCN\w\ar
so\lubons wan  also bLe \oam\-—\ama‘.

Tan -Eow\-, Ledalle s & ‘Qmm theorene Wnown as the
! ha’w\v lpam)' Yheorerm’ ]:g any solulion existd ) Xen o
buu\— ‘ouu\ solubon. alw eaists,

How u‘o\& %\'M 4+ Siu\u\ar solubions ©F this m.u\{u\ \.‘..u\-\,u\,‘
Solwhion SNY S5 ohwisws. Mm‘ln. his s w\m‘ 50 many awkhers

it\ﬂb& dhem \.

How cann we -F‘M Ahe Sl'/\-o‘wla./' Soluhon (,5) '}. A ‘hwiu\,l
“PPW‘“’"" S v dfferenbiate e $w’\~um‘~\ -(‘u,no{\om and)
e conivol appears , ond Yhan selve F it.

b =0
L=-2A"L=0

T
A
jT

For  this frn\-\nw’ Ake  connl WiVl never “’ﬁ’“(\. '\'M,
we dont have on  amal\ghcal way 4o Sdue fr ke condvol.
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T othur wonls, Wt dord now Wow b wnle u‘-‘u.Ll).

[\ uﬂ'urku q_??rou\fv here 15 B discretize and  solve
du'rco“ts. The F{o‘\wl- below shows a contwel fw ho  vehides
P rendgtuons, Td¢ is cla«\u\ \”N\- \’AN\

0.2
0 M

-0.2
= -04
=06
-0.8

. |

0 1 2 3 4
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Tha F‘T‘" slow  showd e orl\'ww\ conively -‘:v S vehide
o rerdeavous. Tha  comvd's are Siraqutar but skl \...«\- \eary.
T‘N'V\ wert {lumi u,s\'r‘ \lq.\wf ond o ?nu.ku.r{ duc-;-\-d

" vw‘ 2UY rqrbrn

0
-0.2

-04

ugp(t)

-0.6
-0.8

0 2 4 6 8
t (hr)

Figure 29: Target spacecraft control uy(t) with M = 4.

0.2 0.2
0 0
~02 0.2
=04 =-04
506 =06
-0.8 -0.8
-1 -1

0 2 4 6 8 0 2 4 6 8

t (hr) t (hr)

Figure 30: Chaser spacecraft control uy(t) and uy(t) with M = 4.

0.2 0.2
0 0
-0.2 -0.2
=04 04
g 06 706
-0.8 -0.8
-1 -1

0 2 6 0 2 4 6

Figure 31: Chaser spacecraft control ug(t) and wuy(t) with M = 4.

4
t (hr)

t (hr)
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To summarize !

Soma prblems do not \ase sinquiac solukions. e

O domd wsing & Controllabiliby  condition.

Some ?vb¥\¢m'> de |lone $'\4\T~\M’ Ss\wtons (Ms Yo

rerdervous of many sfwu&t-).

* Whan e Slubon s sim‘w\.r, Yhe orh'm\'.xj
condibions  dodt  ollow uon ko direckly solue oo Hu
Conbhol. At times, Hau dodt oive ey uselu ind |
Ta thuae o, direk aethods are  wsefun,
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Linear Tangent Law

's VY 2 a2 da Mod 2
We ave qol'vv‘ +o sl‘uulﬂ Godderd's -Fvobluyv, whiche  was -(-..'rs'l"

l)rol)os-bd " 1919. Tt received $ta‘nf-fsuM' aHen Hon l;\ Yhe
19595 o (9605 a5 b s an inl—crukrv‘ 0‘>h‘ml Condve | PrbLlom

Tha  probloe 35 o dekermine  the  thaut profile 1o
magimive +hae albhivde o(. o rocket s\-ufh"\'s -fm-_
ek on -\’L—L Su,({-m.

The forees acking on Hhe vehicle ove Yhvusk T, qraviby
q (Whicl we  asuwme  constant —ﬁv Sim?\ici‘-u’ “\‘1)/ ond

drasy D yw)  (whicte may depord on ks Speed and
allituts .

Tha stakes of Aha syhewn are  atbitude speed v,
ard Mass wm.

The +hrst Mm.asui{-wu- s bounded b.‘
Tha ?nl.l,wv i .

OLT &T .

)
:' =T/M - b(\’lk)lm -ﬂ S Nl =0

, mldg) ﬂiuew asS K&

(©2022 Matt Harris 145



Lecture Notes on Optimal Spacecraft Guidance — §16. Ascent Applications - Goddard and

Linear Tangent Law

Ar\alv‘\s'\s o} e FWL\&M- \:u\ms \ou‘ %orm‘"\'\ ‘he Wamilronian

o ud?o{»\' {unokona.

H= 2w ¢ 3 (The- P -9) - 2yur

6= Aowy v v (wp- i)

The odtte « -kmnsursﬁ\“\;\s condilony  ave

}.‘: _2_2-,?2 ) a|§= 30
m oW
27 "Ar 2230 X =0
~m 9N
37 AT - X0, :'3f‘ v
m‘l M‘
He= (o]

Tha Poin\-w;so Mmaximum.  Conditionn s

T € orq max “_1.' u.%)w

0LwET L\ ™

(©2022 Matt Harris
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Linear Tangent Law

Thie are than 3 oses.

Toax , 3‘/.,..\,-- a);)ﬁ
T ° , ;\"Im‘ &My L0

';i(v\u\&l' ) 31/\"\- - *',\3 =0

Let's bx?\orf- ¥he Sft\osw\ar Lo , Movv\ a sil\a‘w\af afc
(w\twrc a7’/»»-—" < 2=0 {br a non-rivial  inkerval of

'Hml..)/ we  mwr e

*:‘ 31- .LM-As'-_'O

+= a-“- d&l.VU:\}'- .LM:A$=°
ToAr A 4 ST mwm (3_;1' -3*3‘)
) ~* s

= e T (P_D + ot D ?_L. + d(_d.a'_),—)"/m»-r
N ™

=2 0 = -mA+ [9D +ad)A
v

C,on\ivmu‘ms on, we differentiate Yhis wretk., hime  ard wWe 0\0\-

T= Demg * " -4 (o em)* ¢ (ev)ap -v&
LRI ‘f‘ﬁ LA i 29
147

(©2022 Matt Harris



Lecture Notes on Optimal Spacecraft Guidance — §16. Ascent Applications - Goddard and
Linear Tangent Law

Thus, ‘91 o\"Horqu.\-CN\ ¥l Sw(\'dm.u‘ MM fuwice , we
fourd  thar e Yhostr weld  hwe do sakishy Yha  abewe

L&P ressony ,

In s ?n\-\&m we OoOuwld Ak ule  ouN sim‘u.\ar se\luwlions,
wa&\l“, ‘Ear o~ ?V'\'lov\' 0& e solulen Lo \p(, Sh\ﬂw\c\r’

we st e

'::h-b) -9 N - T .] A °

_L_. 0 - j\ - 0
20 A °
T +aD -~ o | 3

If the b is Qb vanl, dluw 222,223, =00 Noke et
the  comtabe uations are \omoqendss Sude Yhak ik dheq ar
Tew  Somewhirt | then ~\'lw1 ore o wu\sw\wﬂ-- At Yhe fn‘m\
o :\\‘, = Ao, Buk Ay cannot by Tew since  this would
violate an\'ﬁv‘m\i\\‘. Ty, Yha aobove walrin  connot be

full vanl.
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ComeHN‘ Yhe determinant o soz\—kms i v tew OSNQ

D*MA\-’owb -v%%‘—'b)

whickh  wmust  hold ev\,onu\ onyy sim\w\ar arc. This ethAHoAN 'S

sonebimes  called  yha siaqular surface.

We wont show iF w\vs\-?u.l\." Lur  soluhions Yo this rﬂ\.\&m
ove \v‘\?iw\\“ 0& He 'form

T° Toms
T = S\‘l\l‘w\w
K‘-\' = 0

Thi ‘\'\“)c, of subwu. s called buN\'SiM‘w\M-oﬁ:.

The \Mrltmr\h&kom S’rm\-uyj 1S +hae fﬁy\(ewifu".

A‘,‘;\\s masimum,  thrusy  unlil  Yhe dererminant

becomes er.

Switdo +o Y

s:f\.ﬂ&w\w’ Yhrust unhi\ buen-owt.
Coast Yo matimam  athibhude.
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We now  assume  onstent  thrust accdlerakonn ¥V = T/f"-
and  consider o mintmum e orbit in\(u.l-iow. X s
+ e ranae, w W Yha ranqe m\-el \1 5 Yha alb dude
and ¥ 15 tha albhde mAe. Tha oPHw.\ contwl

ProLum 15 below.

.. = w ¥y = 0 X (g) iy free

= 70 ) \'(e‘)s 0 ) UL-\.&)r' u‘.‘

y= v L W= 0 gOg) =Yg
VT Tsin®0-9, N0 =0 , yl4d= 0

Tha Hamll‘\'on:w + EM?o;vd' fundior\s are
H = a.u + JI—V + Jsfme + 2.‘(75‘“\0—%)

G- Aoty + V’.(u({%\_%) + 0 (1&,\-“) + O, (sl&p—o)
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The skt onrd -\'mnsv&rSa.\'ths condibions are

A‘ =0 ) lls = 0
jz = 0 ) 3;* = \rt
jb < ";“ , 35* s V‘
Ac -, A=V
H{, = -Qo

The orl'iw»\ Control S qiom b‘)
0 € o»ro\m.uw ;\31' w0 + ﬂc"ri'm-e
# - :\BS;AQ + q\‘ os® = 0

2 4on® = A T -Aa(4-v) ¢ Agg
As A3 ’

We et thatr tan® s & linaas f\mo\'\w\- s{ Pimd .

We now write bl 'huu‘cnl' oo as

+hﬂe = “'Meo - C—t
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Us.éus 0 as +he independent variable , the State
e,cbu.o&im can. be in\-cc‘rw\ulv o tha fl'vu»\ Poiw\':

u = T lo% tan 9o + 5%92]
s' c t+an 95_ * s“—ef

V‘.z 1_;. {$¢L9° - SGLQ{] - 0\‘\'{_

€% T2 5ec® - 5ac®, = dunty .Qoos['\'anﬁo* su,e.]
c® tan®, + Sec O
Y;= - i(hme -Jmmq,)sue - (sue,-suq) +ome+.

,Qm\ [ ton®, + 3¢S0 ]l‘ - z%t&

+ar\.° + sue

Note +het €= +4an®e - fan®¢ .

K
As  Sudn, there are Yt unlnowns n  tha
above equetfions, Thuse are Bo,ej, and 4.
We alo have fhree boundany condifions * Yy, Ug & Vg -
Tha threa ubw&iov\s can  be  solved 'I\'MHW\U’.
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This 1dea was uwsed 4o dwalor the i I terhive

Guidance Mode” or TbM  for ke Satuen V
asceny \u'udwwl-.

To reduct numerical comPlu'l‘h‘ n the  solution
bet-“s, or o %a..dl;l'o&e. aw l'n'-kM a\ws.s, one mu‘
make 4 “:b\l,owius l“—ordu o.?Proximr-‘\‘W-

0= 0, - ¢k
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Powered Ascent OGuidance

We PrwiMH Adevived the lincar hnﬂtwl' law and b wse

o Yhe  iterabive a)wi Aance wode 'GV Satwn ¥, A different
wv\u-p\' WAS wuseh -Ev Yhe shufike Ynown as Powc-rul o,x?\\‘c“'
asu:m — or PEG. PEL has also beenn discassed a3 an

oP‘How fvr {'w\'wt lunar missions.

T thase viokes, we'll ook a¥ o~ f@uﬂ"'\t‘ im?rou-c-d \IOVS:ON ae
PEC dewloped by Doawid Hull v myplf. Th wes published
v tha Joumal o{— Gutdance, Contvol, « bur\“m‘.w m 2ol as

! OPHml Seluonsy fw Qw\sl?\amr Ascen¥y over o $?h.uiuu\ Mm.“

To \vul;w, we'll wnke Al e;b\»\-km o& mobar &5

W= TeesO P + (er)“"\'\(%(f”)—uvl(
:‘ =N, V= Ton -q + we W1/('
3

TemsOsinP - (J"r)-km (’klr..) —vwl|r

) w

Ths vadius 0& I  wmeon s

o The radial ?os'v\"nm of ko
Jehicle ¢ ¢ = rm"‘\‘- X is the owanilinear ;N‘P\qu- distance

/
ard y s ]a-rlm a\whde . 3 s Y oul—-o(—-P\m

curvilindar diskance. U, & W are K welockes. T s fhe Lhnat

bomas Thee B4t are dhask andles.
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will now nalke  several assu.mp\-s‘ons'.

ou\--o&-- P\M.c. oo is small (ku\u. abwusl— \;\amr\)

° \/l‘“n. e\ gk, ¢=C. and 4 3 constant-

o m\ll(m VRS

As & vesurr, the Ubun\'\M raduce  do

L =% , W = TeosO easy
=Y, Y= TsinR -4qu Vg g
i"’“’) W= Twr® s P

For  constunt -\km.s-\') M:r\:M'ﬂ;\ﬁd\ -‘:\A.b\ OOV\SumPHM 15 dhe sane
as mim'm';t.\“s {;\.;\\n\— e . T\M-s, we e dha {°“°w{‘1

o?hm\ contve ) ?n\ah,m. .
M ‘tg.
sk, Eoms

inthal ghakes s?w&\ul
final shabes specified except for Yo

155
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Tha Hamilkonian o« eN\Poiwl— fw“m are

H= A + Qv + 230 + TP
+ A5 (Tsin® - o + u‘/f..,) * ALY L0 5P
G= Aty + Vlyp-¥;) « vl - %)
e (g -T) + Vlog-Ng ) o+ s (oo - 3;)

The costnute o -\'M‘lusd’d\‘ condihons ove

A= W= - g ;A =0
1;’0 ) “5-: '11,

J.3=° ) il,-: '13

“{_—‘-.Ao

We see Yt 2 2,9 ) are onshets. Furbhermere
As < A+ Cy . A= — Ak +C;.

Becamse there wre no  oniw w\s‘\'vuink’ the ?giah,;\sq, Mminimuwme

Condivon \eads +o

20

oM }9\{?

- )t."f%e P + AT ® - AL,Y¥sOsPY =0

- }QT'CBS\" + ALV B ct =0
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Thae abose %u.d\‘!m Can. be solved

Sl.n\P = _‘:\_b, ) sy = - 2Ad
A ETIEA Ny, €3]
sm@= __~3As o= A atead

= ]
AR N et

Iy s ed.?bv\'d that 'oe“» thst aN‘\‘b will bt small sude
Fhat

Fs
C“/“\\(ILL' and CSIN\ ¢l
Wnder  Yhese ASSwnPFMS tha ontvols ave osiM \43
s Mhy et sn0=%hy oo o

Tha nsu.Hs'u\ Lou.nhaj va\ue ?w\.\vm is
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There are  (p unknowms: :\,_,L,,)'.\B,CL’,\.‘L»),.E‘_,
wWe have S bwown fim\ Condibions ?\u.s “{' = ~e.

The solubow Pwus& Lul'm-s b;‘ \'n\-u\rah'u\ ‘e CA., v ,
it‘ b%uﬂ\'ibhs. For o‘nmkm ot orstant Yhoash

T’?V,_

whire B s dhe on‘nl\anl- mass  flow pate & Ve s the  exhaugt

uloc‘«h\- Hence, tle mass a3 a fuachion of Hwe 13
m = M- Bt
That, tha  Fhaot o wass rakio is
T/w» = y= P /é"\o"bk) = =V I({'-d)

(1
whare &A= /? We tan new \‘n\-u\m\-ﬁ' w % Airt«b\’l..\

w=u -V (- tld.)
Y= Xp ¥ Uk + VL(“'*\%(\-‘*I&) + .k
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Now +hat we know w, We Can Subshitwte 1n e 3\1 ué»\-\‘ovu
L in-\-u\ruhu

Ay = €, - (1%/'»-\ ('3\.*111.“ "‘»{')
~nfan)[2 8- ) pe (- 4y - 2uk - ¢ ]

- (3\’0.%/&)[(&-0 (1= Y, - .\:]

'Divial;'vs Fhowle ‘m\ C‘ (\iu-zs W tha bar vacigbles.

31 i Llu.‘ﬂ;) (' iikll‘l-"' zt'k)
- (v f2e)[2 (2= @Y o - 1) - 20k 4]

- (v, [6) [ (a0 1li-¥) - &)

We see Yk N s a {um\wm ok 5;, E,, ard t. ThWa

rtw\h:tn‘;\-] ubu_..h‘ms of wmobonn Can o rewriten as
i, v r(h) - gt Levesn ) e

i..—_w ) W= (5“/5‘\

(©2022 Matt Harris 159



Lecture Notes on Optimal Spacecraft Guidance — §17. Ascent Applications - Powered Guidance

Sone Pa(*s of thase c.tbuxHov\s ane e I'nl-e)\ra."d amlql-\‘ullu‘,
while  pYlers rus;.'uc. numeeal irﬂ-cqm{-iw- benerally,  solwhions
of Hu obove differential ubua:\'tm can b weiten in dermy of

tha fcl\owfv\'\ (w\r\ic\rv e in‘—u‘a\s):

Jl(thiu E‘) ) c(*hihzl) ) Q.(tf’ilﬂz?) ) S'(‘T)_S'HE‘>

Flg) ard  Gliy)
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G\'WIM‘H'\J\ Hse aF Yo {-&m\ tinee o\(\ub w S e_ab\..u\\‘ov»

o sue for the S unknowms. Dv‘-iu. e {o\\ou;«r\ :
V* = u{, - W, )

.V‘ = \l(,-\l, + ﬁ““‘ - F

1 = 1{- o [ "Ve{’{. * qm*%ll -6 ) \"_ = U" =W

= *e-}‘-wg*_‘,

TLM\, Yo o G-tbv-&hm an e used v Solue -('\o’ +‘f"

L ot[l— e..\u“"]

(RN {-{_ krown, +ha v « ;\ ubmﬂm can  ba  Solued
u'cﬂdi\w\‘l -ﬁ« i—z and E:‘_ o

\l‘1

“313‘ * EzL‘
Y

"iz,Q‘ * EI.S‘

Wi 2 oand G Brouwm, Ho wew v equakions Can Lo
Solied  analylically for A3 wnd G
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3= (ws'- ) (e -7'5)
&= (we'- 1) | (Le -3')

Tlrwa) we were abla 4o Solue -Br L S unbnowns L3 am\‘\iw\\c.s
and \'m?\id-\“h‘ us(m:\ \‘\—mhw\s).

s o (ﬁm\ s\—o?, we  mawt  alewlate  Yhe  conbls. This s
done usfrwl Eob () « -Fwo pPges loack (lowl' wo;us Yl
bar obV.AnH"\'t),
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Continwous Thast Orbit ‘\'ransfus

Consider o Sfauu‘o\.-ﬂ— ‘W a cicalar orkit, Whatr s Hee
lacqest  circular orbit W% can fta.c\'\-? The o‘r\im.\
ceontvol problene s e

mMax e Ug) , Ko oiven
s.k. ct =W : clo) =0
W =T _\_l_z_ - _#_ * Tsin© , wle) =0
¢ rl MQ’ :V\.*,

NS -wW + Tcad® , N(o) = 4”"6
L8 MQ"I.Nt

wlgy =0 | Gy = l‘/r&_'

Thae ~ariables are
*r S rada) distance

‘A5 rodia va\od‘h\

* v tonguntial velocity

* My 15 Inihal mass

‘m S &lu,\ burn  rate

* 9 W bt anale

* T s tonsr Hrce
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To  Solue ke ?nb\u..

H-= }'wi-}“(\_l_?: - M + Tsm® )*}q(’uﬂ * TMBX

v : my-m¥ ¢ Me-mb
G= ?\oﬁi + ’\"\us v ‘\r,_(\u‘-,\lr*h')

Twa  Costate ub\,us\'ions are

A= -au = -Al [ *.?_t’.‘.> - 3v(;~1
v

() r3 re

AT TM T -Ar + AN

own 'Y
PR Rt Wi R i 97
AV C [ g
The fransversals condihons are

Ar'sg_a_L_’..‘}o*’ _JhL.‘\Tl
3
a\"s_ 2 ‘}‘-
lu‘ = ‘\".
lv&_ = ‘\)';
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The oP'h'nu.\ Contvol  maximives 4la \'\ami\"'on;aw
Ot € o»fn)vtvl. Ausm® * Ay Ln®

? tan® = Au
Av

Tt s imPos';t\o\.n. 40 inteqrade Ho resu.\-\-ew\ a.:bun-hov\b
am.\-.\h.»\\\\. We will use o 5\\09\'\"\‘\ wathed .

Noke  {hat there are b ODEs (3 stakes and

3 oskekes). The inhel condifons £r i shies
ave Knowne Guess e  inihial condidions -‘3” Ha
Costotes. ALl sy eoB).a\'tms can. now ‘e in\'ujm\—t-d-
hc\v\r\m hotha firal dow. Check ik

wli) =0 Nl = ,\l"‘/rf
ard A = Do b “'%{E—

aeg

Is s0, "‘\"“\"' donk . 0-\'|~4rw'\s-b) iYernte ub'mo\
Newlons mMedthod.
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Shﬁgﬁmﬁu@L
We hoave seen Yot 4l orkm\\'\-\\ Condl Kons o( o?h'vw»\
Condrol  involue  Hao Sets of differenBal ubu.u\-\‘m'a = Yha ShWie

ubw.k ony o+ Yo Covmte ubw.\rcms.
Ta a 'h“ﬁu\.\ e, we ‘\"* ta {‘.\\mw\ Syster -

;f""{:(*l“) y o k=% x> =Yg
1= -q‘%.) ,

Moreover, +ha Po:wh.,'.,., minimum condibon  allows an do wal
the coabol as a funbon of A e, wrwld). T, we
hove o systen o% dn  Coupled diflevenhal ub%\-ims wedln
splik Lowdm‘ Condibions .

= %(t.?\\ , ) =% | X(\ﬂ:‘({.
i = —q*g('*‘“))l

A s¢t of differenkial ubu.w\\‘ov\.s where all inibal  constibons
are. krown is  called on  indhal yalwe ?rb\-\em. (I\l?).
D evential equations whert  Ste  (nibal ondiblons & Sona
finad  condibions are lnown Q-um- o~ Fwo —Po(n\- ‘oowmn‘
value  problem. (TPB‘JP).
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TV ore easy Yo solve.

Give Hu ?rb\'\m. o an ?nhﬂra\-or Swde a> MATLAB'S

odels.

TPBIPs are  Consy dpm\o\s‘

more  Aillanmd  as they  ane Similar +o so\m‘u\ nen\intar
ubuw\\‘w. MATLAG has & bwilk-in  Sower BUPHC, bud we

will ofben need nore flealilhy Moo afforded oy i
Heve is & 0\¢u.m\ q\,f,m )
* Guess Ahe  wnbnown inkal condibony .
¢ Tn&u\ra\-'- o Hw 'F\'M\ fime .
* Chake if tha fina) condibions are wat,
T—‘ not-, q,Pdnv\-f- e C\uexs v vepeat.

This ?nm Gun e antomated In MATLAB us;t\al

° odels %I iﬂ'\"“f““'\‘w
° ‘Fsb\m- Qv ueu\in\»\ (i.e., 5&\6\;\1\ N q,qvubm)
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"
|
®
+
P

X()=0, xXG)= |\,

o P
]

I&thaHM Yhis gﬂua’dov\- ;f;&g

= (1-2e = (1=2) =t

J&_{L‘_%ma\_-hnjgm._a‘u\-

\ = (‘-:\o): - (‘-:\n) + |\

2 0= (i‘—\)(\-),} D A=\
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Led's Chece  that the g l—%uuh'ww Al'm -Gmw

0 b 1.

€ = (l-l)[t - (=) +t = %
Trdeed %101 =0 gpd XY= Thus, we'ye solved 4l
TPBUP by  sefing  2,%26) = 1.
Another EMMMMJ%_PAM-&

%= X = At , XL T %, %) =X,

A= -2
Snlm'% e A g,g';ukov\. Q-fs{— ai1ues

A= 2¢

Subsl\"’w“ﬁ‘% b dhe % &%@M aliuzs

. .t
X= X = Ake

* X< 3\o(u+i)£t+ (%- “’/-«)J
“
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Evalg&h‘g\ at  tha E.'m\ fime csivg,s

X, T 32,6 + ¥e — A&
Y

= (’(\- ’(oe) = %(30’."'&‘) Ao

'-? ao — "\(X| -‘Loe‘)

-1
3¢ - e

N ri ‘!

now (onsider A yore okallc«u\'u'n.q

blom-. T+ s y ecaunse the ODEs are coupled

ond  nonlinear,

= ¥t - 2% , X)) <= O
jf -Ax ) 2(0) 2 L1185
et dhis wp v MATLAR m;ﬂ odel5 o -&dvt-
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Aralylic Guidance Strkesies for  Landing

We'll look at  Some analybical 9 semi- analybical approates o
\auh'ws osu:.dmu.. To arive at  simple solubions, we owe
to simphfy Yo dynamic model,

One sude apprade  was  developesl \1 Chris DSwmta  (n 997
His Pager s called " A opHimel quidence \law -f.,, planeiary
landing. " We'tt fllows his approack..

Assume  Yhat ﬂmuh‘ (LY m'o‘\'&n\’| Mrodﬂv\m.sc. -Fuws Ot
i\lﬂ\i :\;\.u. ) NASS (*ll\mm;os are u.nfm?or-\-aw\' ,and Yere are no
conbvs\  constraints. Tha rm\h‘rq\ u:eu.»\'ew o‘- wmotion ave

i’ w ) W= Ax
i= '] , :I'-:‘\'
1> W W =

) = A;#q

As an °"3“’\"‘"'\ hWe considers the weignted T l-a..br‘gs“
;uvv.r‘\‘ovv -l:‘,

LY T T T
T=Th 2l abedied m
o
T 5 a Swar wiu\\n.-l'. For Swmall values e& T" we q,x?‘c\-
\DN\&r -Fltth— Foes o smaller Conhol walwes. For \(M’l‘l- Va\usd

0{ T', we uPu«\' shorker f\tl‘hl— Yimes « \aw\u Convive)  valued.
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o

The paper daims & minimume fime Yo \owul.\'v\m an e
ob ralned %\u'\‘b LA \\‘ \a‘ Seth '\'1 T & & \ar‘b ?osﬁ-\i-lb
Numlbber. " Do g\uw Yhinh o minimum ‘\"M solution. erists

‘-.r o ?nb\u—- vélo conhol (.bv\s\'n;nh?

To M&\w% o ?fb\v\cw., we wnte e Hmﬂ*om.&w o
M‘;o'm\— f\mohms'.

wetlabeayedd) « Auave 2o

» ALayg+ )vﬁ \ 1w(“t""\>

G = T‘*{- * ‘U;)(‘, f'\fv\“‘,-» V;'I:‘, + v“u.} + 1)',,‘#* + vww*

— N v

\arul-"“s ok Yio Orlq;w w‘ Terd svu&.

What kﬂ»?‘uu-l 1) 1;}. DlSou%a. S ?Twoﬂ\'u\ W+ \9\1 «SSM;N\
10‘"‘- We sheuld w_ﬂ' doe ths. As an uuc:sw‘ ¢1‘>\0fl-

e A, =0 case.

Tha  (odte o *MQMS&\%H CondiBorns are

i‘=o :\,&= vy
N e g = Yy
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5;, =0 " =W
= =N 3uf='"1~
A = ‘-t\y :\,‘_='\r,,
AL= - A2 )w‘,-‘-""w

We  Can wE\w in¥¢1ral'¢ thse c-ﬁbwhom. Bv\ dp,f\‘m'vu‘

+q°‘= ‘t‘,'t (wlﬁt;w 83 M omount g‘, -h‘m_‘_ rww\.',w\ \;\,

the -\'m'y.dva\, #Lw\ ore

A =Yy ' A=V ‘h\o + V,,
1\' = v1 > 1\' I 'U’\l "". + ‘\)"
;\; - ‘\[.t j 1“’ - V‘ ‘\1. + v“’

Tha ?oiﬁw‘\v. minimum  ondkidon s
. L X
a -~ O o N y 3 g * )“ [\
% 3
o
- . L2
k\‘ < a,rﬁ :u\: 20 ¢ 3' o

- Y R
Qar = a,rp‘mm. Pl awd'
o
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Sinee  all e& 4ht ontvwl acctleradiond ave uncom\'vm-:ut.
He minivmitess can bt fowsi b.l s&“ﬂj Yle derivahives
a = -An = _‘\rx‘}qo - Vi
ay = -Ad T “‘rs“\'qo"\fv

Ay -Qu = “Vi¥qo = Yoo

Node Yt 4t contel i eatle direchon 8 o linear Guw\-‘m
.{ bt  Since  all of H V's are Cwstunts. Thase &Mw\b

Corn be  subshitured tnde the State ubu.ﬁ\m o \‘n\—(n\!rbv\'i—‘- +o

%u,u N
T tv+l+1r+ X< =-twvw ¢ _|_1r'L
1 * 4o w qe . 1% 3 w+q~
_ X - _ 3 _ 2
R N B B sy
2 3 2 8
< | + VvV - - - -
(V) .ivt“'v w‘&‘ ° 1&'&" 1 t\r* ‘\‘q. %‘\fu-\% < %'1 “.ﬂ'
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‘.\’.f we  now our current shale (u,o,w‘ Y'W‘%) ansk rums:n:nol
fliqm- Hime (h\,) , than we can  Solue fv all +he U's
Since ‘HMW‘ q‘;ru\f lt‘m(h‘ m thae above o.nbu.»-\‘tows.

Once we bow Hae V's we can wi\(\ et the

orh‘m\ oacce\erakions Gy, ay, % .

A= U - Ly

tee g
a‘ = -Yy - ﬂ"_
Yoo e
a < ‘quﬁ - (p% - «

oo e

To this ?o{ni—‘ we've ic‘mwl Calalations of {he f\n‘qh\' e,
To {h‘ul +h We need 4o uwse the oMer -\-mnsmu\(ﬂ
condition Hf = - 3‘9' 'M’t = -T,
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An alternative 15 o wse Ve {'MA— Mat the  Hamilbonian s
Mso  omsbany (sinu. our  probbem. 15 -\'iu.—imarim\:). We

wonk o\o -\'kpow\‘\,., a\\ the detals | Lur observe 4l —(‘\\ow‘mj

fnksz
r B
e a: = (-HL -(’x) ~ _‘—
0 v \
Twecs ..'.(ga +£v_>43\2 -(ﬁ*&i)’fv = A
el "‘;; "';. W "{0 tqo
[ J }xw — 1&\& 7 .L.
4
+1,

and ';.‘m;\.z\c.‘ 'f" o¥her “Aerms...

Thew, mw.l-l-irl(1 .’AJ -ﬂmw‘\.. Ia‘ ‘hz wil resuld A
%MG Lebuu.HM ) whicle can  be  Solyed am\cﬁh‘m\h‘.
AM“N‘ + “D'swam, 4har %M“ON is

(i)t - aldevs )4y
-\ (\.ul.+ \l\|+w1:) ‘\'c\o - \%(1"‘4'1"-;11) N\

of Coune, mutkple soluds exst, ond  we shewld  the

leasy I:esi\w‘\u) real yoo¥k,
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Thoe are I‘Af\'v;v\'bl\] rwmv] alYernabives fo +ha  aloove qutbnu- law .
Thee are enhire  classes 0{' lawy ds\-\'m‘ back 4o e Apollo deays.
'?3'\1\ Lo aunthored o Paper l:'nkn;\j many of Yhese hiled
'
Tha +kua‘ @f fmkoml-ruljmm‘ml roww.al descont

"

1«4,{ dance v Ya Jownal of Ouidance ) Comvo\, « D%nnm(c.s

in  2o20.

T +he  alsence o-‘— O?H‘M\:H , o‘wra-\-hv‘ ha'\uhﬁa Can |loe
dbw?\—r. %Sc‘.
To See -’d«\'s‘

we'll worle -\krow‘\,.. Lu's %‘rs\— mm?\c..

A1a5~, we  assume o constant arm'\\-\‘ fuul 0o ‘hat N

ezbuwh‘om of motion, ane

=V

V"'oso-ﬁ

3
where f,V,a—,O\Ema- We alse wmtinue Yo iquare  wmass

d!\i\um:d, awodﬂmmlo &oru,s} o  Contvd\  ComYvaints.

wWe uwse Yea-h—qo as we did bofore —h‘,"\", -%.
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To achiecwe o simele o\wm oW, we assume oo qwo— ferm

Vwm-\-oviu\'iw'i. e, we sfu,'\{\l o Odesired thrast a.cw\uw\-;'v

o{- e 'Ebrw-

aq = &g lg) + Gt ()

3
whee €, 6 € W are constands. The * funchions ane lboasis
funckions ( funchons we qt o dn.eeu:). We denste ther -f;‘n-\—

9  Second l‘n%-u‘m.\s asS

$. Ly = ) .00 ar
A4,

bl = | 30 4
A0

We Com +hen usi\-‘ in\-ﬂrw\"— Yhae Shie %u.ﬂ\\w e G\CA'

desired w/\;uﬂ\s + ro)i\-\‘ovu vechorsS,

[ ~N 1
Calh) = € lty) + ¢, Uy + -:-_1 s
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To dradk Ahis trajecony, we comsider o fllosing  feedbade forn.

aly) = aglv) - F* (4\.) (\l(ﬁ\— VA[*)]

- ? r (+\.‘) (rm - r,\m-)

wheee Pu ond B, e feddboace qoirs  that must be
determined, Sw\ps’(\%w\im\ v fv 04, V¥4, w fA qives

a = C\(‘t’. *p“:h*Pf:El) * c‘(‘k’v*g‘;‘l*ﬁ';‘)
+ oy (3Bete -Bu) - By - orww.

We now  thoorse P‘ and ?; S Yhe € « ¢, oefhicients
qo + 1ero.

By © &‘,‘\’\ + ;’\b; , ?f = -;-,Q‘ + T‘;\Qz
(AN A

A~ $|4’1"$1$| #0

Wit YW se\edhow, Ant  acceleration  loewnes

“=q %90 ("-j,?f‘\'qo - ﬁ,) - BV Cry - Br r)
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whicke  wil) o\wu the vehicle -‘vwm Vs Carrenty St Yo
‘e Orl.ﬂu;w ‘l‘um-‘mh‘u\ wie 3w \M«\oc\\'\‘ .
NO\», ‘U\’ ‘h =\ and *; = ‘\‘e\g . T\“W,

Br= 2, P2

Canmm—

U ¥qo
and e Tumu. law s

a = 23l - _\v_[r(,-t) «-vm&.\.] -a\_

Ty o
= -Yy(+) - Lril+) - 1
1‘0\0 1‘36,

This ?wkw)ar TMMM laws s called Ha ©- C\\AA‘MMC' \awd .
Tt wes fink derived by Cheery v 1AW thoualn  wet in
Fhis way. The finel ‘fbl‘vw 8 Yhe Same as et af D'Sowu\.

?:N\ Luw qoes on 4o descrbe Many o¥her o\uu.mu. \aws. Se
P\uoc. reod s paper-
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Computational Guidance Shekeqies fr Landing

wWe ?rw{oushs invcsl-ic‘x}d am\ﬂkw\ S\-mh{m.s .fb, lmqlfrj .
YA S\'Yw\—o"\u rubu.irul minimal wm?w\wh'om but rusurd
numerdus  Assumptions.  We'll nowd  Weaken, Some  of  these  assumptions
whidh  will Cqpine us 4o oo more compuinbion . We wil foeus

on  Convex br\i»\itah‘m a‘,rrou\-u since Ylue hauve

Frow»\o\l.
ccy\vcrt‘cm .uv MMM}&\ hine.

Like lasd tow, we will i(,\v\.oN- a&mdﬂmmic -G)ru.s

anrd
ASsSuml  Constant :yrwu\s. Unlike  lask hae, we will consider

pAAsS dulvumios ard  contvol  conskvaints. T‘\M-S, M l..ae,u.,h‘ou o(;
mehion. are

;:\I} :Ic TI“* ﬁ
!.Vb‘-' —-d“T“
Ty ‘.'.()

where ¢ s YHa \;osi\—hM-, v s e ‘“’b‘:‘\ﬂ/ m 15 fhe wass,
and { 15 dlorust M&Iiniw bound.

A ‘\'V“;iu\.\ o\;\u\w. is Yo minimire -FAM WS\LMPHDA\ \.Q-‘

wn T =§uw dr

S

b trmfer fla v Lo B current Shte do o soecibed stete.
(©2022 Matt Harris

181



Lecture Notes on Optimal Spacecraft Guidance — §21. Descent Applications - Computational

Strategies

As  wriltun, this \w-\p\u... IS pon- Convex  boecamsl

o _ T .
\ /m* 0\ 15 nonlinear

and m = - Tl 1S nenlinear,

To ﬂ‘b" aroundd Jdn‘us, we (ntvwduee Lo -&l\w\v\o\ -\:m{orm-\fons.

uTu
“ o = “w

)

w="Tl

Tha %MHW bg mobon  are thewo

=V

\k'!’q

M=~ — Mm@

L°* =
]

The mass ubw.r\"-ow can thon be wiillew as
L7

_h'ﬁ,. = k0 2 m) = My Q,x? [—,LSG'(T)AA’]
m
0

We . See Ahar min%m'uu'ns Yhe -‘;M,\ (or maxim‘.f..us A ‘F‘M‘
mass) [ %ulslo\.luv\' to

b
I =S () A

o
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We i Fhaen wete WU =0 as an iuabm.\‘lv\ \\u“ho’
ard it uill netuedly be sebshed  swines o i being minimized.

We mw vehwn 10 our mMass o\\‘mm{os, whitlv  ave NdA- (pndeX.
We can ﬁv\ofews\-s linearive  thom thruwlv  anohur varialle
+mns“ymo~"‘\°’\" Ler = e (w.) sSull  that

-‘.l_= _3.»_, = -0
w
This 19 lu‘mr‘ u,\,‘.f"uv\&h‘\" e onbol tmsheink 5 amo

. -t . .
non- ConyeX sink @ IS "NON-CONVELA W I,

i e — mo-ef ’ﬂﬂ"-—-géi

We are oW Sorced 40 make ome o\P?rox‘\mHom. Am.\
appro tmakion Should be (mservatve w 4the seme that dhe
above Conshemnk s $ahs"u—*-
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A kter aVrerrnadve s bo aPrroﬁM‘\G MNe non- \i'\w;"j
wiie o Tﬂ\o( series  centered ot T (a 0\09& is o be
Ad’t' muu.*)

wWe can wi\c\ show  that  fhis  |inesr me‘;w-\;w iS5 Conservabve

usu'vuj e mean valut Yheorene , whice S Yere B & sk
pe’ = eé t»z * (5 3) + o Q" (1: )"

SIM Yhe last ‘\'um [} noa-v\u\a.}"u%' we  Conclude that

't

()Q. (1; 1) e
As {wr :L) we  Can vaod-l-— ~ o‘vwss Suwdh as

T = ‘ »QN»(MD" "“ek) ) Mo—ft 2 Mdoy
W~ (Mu‘) obher wite

Witlo this  Atfinibion o(- 'i's(ﬂ, we Wnow Yhat

I6) £ Tk
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To Summ;li:e| weve -\'rmsform.& 0. WON- CONULXK \;n\.\uv.
o~ Convex “'\vrm- The transformation is not exack Swct
mede an O\Wm(smkow . Howw&rl 4 ‘\'mm{vwwk‘om S

St we  ensured tha a‘)Proywa‘\'m was  convervahive .

Tha rcm\l-im\ convey P«o\.\m.. is shated bLolow:

%
Min j v () av

°
sbv. =V , Co ‘\N“‘ )
v = u-t-(\ ' Yo (\iww , v* q;.“,w
-‘.I:= - AT | ™ c\\vm
lull & r~

e gt - pet(2-1)
M(m,-¢(h) L3

) = ) B (me— = Qt) o= Jpt % My

W (M4,¢1) oMerwiise

)

g gqiven
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Tha ‘;rw‘tw P«o\p\bm o¢i1lna\\c\ hoad o o) Constrant

0{- the —?bms..

I\Tll‘=e

w\n;ok wmeant  Yho  Yavust Mnim was \;ou.mh.& A Suwh &~

case, tha ehﬂ.ml. is albwed o tum off st His Corresponds
o WTll=0 LQ.

Ha\n.rv‘ an em"m-o Aurn of{ durim\ descent s less  then
desirable  Snee  chemical Ahauders Yot linebed Yokt ling

CA?aL’.\fl-»‘ = ond pnee an M{q, is off W m‘w)k\' w¥  Xun
bade M\.

We an imFou. o~ -\hnﬂ\\'ﬂ wnstrank  as
h.T‘l
tUTIS Y
Q. et — ) T‘

0

This MP"' o{- corsyrank looks like o donuk o  anawlus.

Thus, ik s non- covex  and  complicates our Fru;aus
analyss.
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We will pow \)ruuﬂ— o velavakon s‘\-rdrwﬁ %" this  Conttraint j_e.,

o~ way o meke 4hs comstraind  convex,

To do thiy, we will use the Fllow'uvl lif'h*ml (h’ an  extrm
Ao'mm'u.ow) a rdaxabon (leﬂcm"j of +he Lona"'ﬂu'nl-s) .

- ’ [Tl £

{l cutTile f‘a.

we now fbfofmu.\a\-e owr (Conto) ?nb\am as

.
i | Tt

5-‘70 F-:V ; o ﬁ"m, r_‘; qlM\.

v = T/wb-bﬂ , Vo qiwv\, Vi qluen

m = - ol ) My ﬂ;\"”
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For this %o be an "exwlr“ n\a.xwlw‘ovv, we heed 4o show
that NTH =T at ail HmesS, To show -\lu's, let's look at

the  ophmatihy  Condibions.

H= 2,1 + AV + Z\I(Tlm+q) -afT
The costate  and  tramversaliby  tondibions  ave
A, =0 L A=,

Q= -3 ) Qg =

o T

33 = —Al T J )3* = °
M"

H‘e =

We will powd show  that 2,20 cannct hold f,Utr-.‘wt\uL-
Qupposb that it dees. Than A =0 ang 23""0 wu“wkwt-
Than HF =0 im‘,lia A, =0 | whicks violates Mv\—-\'ﬂ"ﬁ*\?‘h]-

T\f\A&S’ 31 cannor Le =ero euniwkcn—-

TL‘.‘S meansd '\'kﬂ'\' 32— = —J‘k ta 'FO( ome “400
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he ) X Wi mw i |
Conhd T must saﬁi&

. T
T ° oarqamn .33_ T
nTler ™
P -2ev0 v v
‘kL !\ ! l! ! N
T = "M =7
WAy m Ul
Note that whun Hri=1 ¥\t  non- conuey (gm;nj:
¢ & i s d\. ! (7N

The ‘zgr;( k;1 A(,;‘Lw&l—t-l- & Elnum q;ub on h Shu,g Yot

WTh=p

i or Nt = (7Y ,

ard ¥ never fukes an  intermediske. value. This s

JAD»AMAA&A{'_'&_&\@M&L&&_&MAM_MWN .
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After an ¥his, the problowc is SKI non-conver becawse of the
non-lisar dynamics. We will agan need the v, T, %
$rans f«ww\-\ous. Gvuu\\'k?vu‘ we dAid \ovfwi- helds  Lux we
MW need B work o

-
L — L t v
4 Tl h L e — 0,¢

This  constrawy is con\l-UL\

T

Bub i} v o Second-order (ont Comstraint . To wmata it o,

we'll use oo Sselond - ovder Tu‘\o’ a‘:‘:m‘\mx\‘lom albdut “1'; Thea,

ne [- L'e-*i)+_\i(%—‘i)"] e

Ard, w;{-uj P mean value  theoren j We an Show Heak

Yhis 13 Conservative.
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Thae fn‘ml conved ProLluw 1S

%
Min j v(t)av

[»)
sh. =V , Co que~ | e given
v’“*‘\ ) Yo (\Nm Vg ‘1“"’"’
T4 o quew
lul &0 .
ot it - it (2-)
2 getli- (-1« ()"

D (mo-ape) & T & I (me - o0, t)
I = 3 B (me= wQE) | Mo= gk 2
.9A~(MJ,.—.1)
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Q- Guidance

T dhase nokes ) we'll eyplove o ‘fccl'miobu.b o trunsfer a
s‘;a.ucr»{-k —frow» one  orbir v anolher Using Continuwoud
(mm- ‘.des‘s\n) thast, T s calldd Q Guidence o  cvoss—
Proo\u.c\- s{'m\N\. It s -fu,al efh’m-.l under a flat Flaw!-
asnumphon ard  approsimately So Pr o s?k“-icq,\ lei-. Tt
was  fink  Aeveloped fr misiibes  and is  cunmrently planned

for use on e ! shae  of H Mars Ascent Vehicle (m\v).
As  mobvabion, let's  Comsider A  problens on  a flat plarct
withe  constant qro.\li\"sko/\‘»\ foru To reachh & I)o:n%- F' 1= 7 (h)
by Coasting frome ro'...» Clr) the yolocihy ad thy
‘,e'mx- Ve () st 5&:\1‘5{:\1

) = T F (-6 'i(h-*\l?s'

-\
n
<t
Ll
"
S|
L[]

whiclh  comer '\:vnh—- s{m‘;h. in{—u‘m\'iow °§
So\u;vu‘ for Nr asiu.u

- _ _ T _
é V( ) = \ [ f'l - ('\') - '\i('\‘— '\’) %]
-t

If , ot this mm»i‘, tha vehicles vdodM NG s not
!—ebuu\ o ‘\;((*) ) i.(-, tha vehicle 3 no¥ on a ‘\'ﬂxux\bn-‘

hat will oast 4 tha  desired {.'M\ ?D:..;—) then  we
must thrut b gt there .
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Denste  tha veloc'ul-ﬂ-h'l.t'qau»d as Tus Swi~  that

Na= V-V
1 f

Differenti uhu\ ord  sulesh Mmo‘

i (ti-4) N - Ve T =N+ (+.-*)§
and v = 55"" KT

= qﬂ = A ;\ - a-r
4 -t

=\

wWe somehmes dt&;.q. Q:= ‘-tT-i’- T

Suil~  that

-\_i '=‘Q<l\ - RT

1

hence e name Q a‘whna- To reacl Yha  desicedh

'\'ra'v.o\-w\‘) we mustk choose aT Yo drive :’a\_’ 0. To
erplore  this -fu.ruu.r , Set that
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9\nce ‘3%. 1S Nen- ru%gkul.’ its  derivabive muiyr v mede

{\.l-qlu\'i\n- o drive ¥ o tem. TQ_ADMBM_M—
4?s§s‘ﬂnho_\¢t_mﬂ'_chgﬂb aT ?ar&“ﬂ to -‘.‘1 and as

as 351 ' nitude . s

bowrd ew_wfwh;w a¥ hma 't)

il T Nald T,
\\G,sm |

Noke +hat 1 may nML_PssMG v make wao
T i

derivahve M.ﬁaﬁs& i& S net S%G‘meﬂ;! l@qﬂ,o

Observe +hat Q~ T 'G.r_*kis_rmdah«m’ whitle s &

°(i &T Caarres “q'* \'0\‘ o Le 2evo Since

1 \#,-+ ’ 3
= A Gﬂ x-q - —Q‘T x:l-q
T
=0
Accordi POt . $S = ) that
] ctan ali spherical ies, Hlence,

Q quidanee 5 alts called Crumss-prduet steering.
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Lets now urlorc Yhe O\uwm\ ase where

":4"-‘ 7\(?) + o

We ﬂ‘:m Ac,&m-l-

=N, - 4

P4

K

s.t. :‘\g :‘( = T\(-‘:) = aﬂ'

Since Qr deperds on t and F, e chan rule

d“— = ¥¢ + e AT

——  c—

Ar ok o¢ O
= % . 2% 3
ok of
= XN o+ 3% (S, - T“‘)
ot or
- 2;3 + INg N — .9_:_";‘.0\
? 3¢ T

(‘ius
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. 1% —
o\iuu

Na = —QVq = @
Witle, tus as our obw'h.ow —gor ;&1) Bathn saﬂs we
Should Cheme &g S\, -\‘lﬂ%ic\f'o- ‘Dc.f.'u.

U = - Gm%,\m sh. VT P - &t

Cros- FrodMM- s\'uf.tu‘ s thor to ot a7 suie that

(F 50 3= ey e
P e T Ry (e & hew boegpal F3)

kal.N- aﬂa&w 4 \tck.wl‘ must w S\.L'("&(:ww\' Alhrast )
ahieve Yhas.  Vector PoS‘l"'mu-lh'f“u,h.Ovu B\, \-l% and
uLsi/\ns (RVL)\('Z = (at\ E - (L Z) x \3'10(4.)

T -

(3r-3q) g = vyor = (555 - 933

e e s T
bl\ll‘-bﬁ b‘] Vﬂ
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A N AR
Y
Denoh [ ¥ /\I we  tan wake
i I 4

Wl
b v 1|
&
~
(
s vl
o>
P
\/
->
-
7~~~
"
~7

. _ ez
HE Fp o 2l p i)y ¢ g o)
> A} - ?1 + a_%P \,1 - Q(Pa?‘])‘* % - 1%-?":* *(—PA“‘)\-

= P’-"’ { _ (?.‘tq)t
\Ls.;u\ Yhoe alove 4o sulue 'F" qb c\iswa
- kY 2 - A\ 'lz
%‘[&‘-P *(P"Q] (U)

From heve, ikis agow  evident Fhat ap muwt e
Su.ﬁic:un“‘.‘ \ur‘l. “:ﬂ ob b Le rel.
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Ik iy (ommon P know Hhy wu»a‘;ulwl& of  that ovaslal\e
at & given et s Thas, we wse (0) b caludate

g ord then (D) b caluate Ty . By deing s
ontisuously | or F@r&odimll..‘ " a\dm) 3,\ will be
Avivenn 1o 2erd. Thiy a"mk ﬁ‘t‘.“‘_‘.’ w o the desired
orbit.

When Hht  avallable thaat s net Su.ﬂ: c‘-cnl’h‘ ‘Mﬁb )
the thaut daccelerahon s csen Parmu +o E\
and a5 \arql. ay ?wi\u-l. " magnifude | i.e.,

aT = _-\_—lﬁ—- a‘l‘,m
Vo
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The caluclabion of Vg ard Q deprds on tha  tamer
orbitk ard can be abu:cl-e nvoloed - dl,pu\d;w‘ on the sihaatwny

Circularivahon

Consider & wvehicle a¥ F.,su{.,\, € witle a qon\ .‘c Gredar -
itehon o pwhlly Aiffecent plane defacd by T
Than

Nr =,{_-L‘—_‘ tu“ [
r

?).1 alriou‘u‘ -\’h‘ 1o ero , We  tontwl W S\'\Apc. (circuhf)
ond orientahon (';n.) butr netv +ha -G'NJ fodins o

%\‘ rwr.l ‘1;\1 Gr as

Ny = SWFE

'\% (o] -Ny
-V\.‘ ‘\‘ o

wihent (\* ) 1\\' ) and f\% avre Yhe d.ru/\\w\. s G-‘- Tw

Q- (& sw(r-%w)
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Elli?ﬁ}. Tam‘v\' Ocbit

To achiwwe an e,l\'.?\io orlit Wit qi.u,w F"L' and tk D
.“I.

?Ir=tz_%[e‘ - (g(_-\)”]\( [P {Ei Yox e
c

Q=1 43; [ re )‘ - \]"‘ Yie

s '

. ﬂ% [&- (%-.ﬂ h(z-7,17)

= '{E Sk. (I - 2% t'r)
]

v

Where S0 8 the o rn&u\' ey w‘ 3|~?r“ ?hitr.
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Lf/-‘"s ‘}1\1 Yo clerive —\-'r -Qor Jle ¢,|\1'P-|\2, orki} inserhioa -

c:iuv\.. ?’ P' e and 1k
|) Calcurnte W= '\S?r..

<
2) Caluare Vo

\-&- = P (?_‘:__ - \_fa) -*p.{—a. Yot o mo‘-
r tlhas q_\w.\-\‘m GISUmed
? 1-e* = 2 - 1(: € i comsstent w| tla
P r M desired  orei-,
2 N2 oo - uw(i-¢)
v P

3) Calcntate e Rewoqnize  dhar

V()‘F: "k
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So\m.r‘ 9( —‘3( qtu-lé

e = (\Tr'Tr).l\r + ﬁtw\‘tf

t = + -+ + ? xA
v v gl B (fuste)
W
2 = - —e%) _ (R
Vi 40 ]
ku.,
- ‘l A A A
=+t ]| 2n - um(i-¢¢) - (2 - b ¥ V¢
wse[p g0 e R

Ts this the sama o %xﬂ'o\o}. His ?( term
#[e"‘(’?-")z] = F[gz - (ﬁ - 29 +.)]
P d ? = r
- b + 3 -
SRR

= 2 - &\ -
F RO T

c

(©2022 Matt Harris 202



Lecture Notes on Optimal Spacecraft Guidance — §22. Q-Guidance

Tt s not  uncommon —Fr conh'nuous  burns Yo e of

shot  duraton ; aPmeiqu\'M‘ u'm?u,ls:.n. burns . For exXample,
tha  sSecond S-\‘ﬁ-ﬁ\l— burn OQ MAV  is  about 15 seconds.
Assum;w\ Q s constant (a\ovu\ w‘ Some o¥her MSu.mP{-ims)
wWe -  denve an eshamate -Ew e buor hnax.

Becaure o‘f Cross— l)roduw\- S"un':\\ , -\.l,\ is et ro\-uh'u‘ .
Becawse Q 5 assumed constant, F will have a fu‘xd
direchons ?voror-h‘om.l to T).‘. Led A\‘a\ & Bv,\ be the
Comportnts e& ‘-) a\ou\ of Parrcnﬂm\ar 4o Va\. Then,
. Y
A = E . \‘q B = '? . "F - A" [
v,,t ’ [ r 1

¥

Note +that

‘:‘,\ %’\: (%:J\)‘= (\3-—&;\'(\3-&‘\'\)

(©2022 Matt Harris 203



Lecture Notes on Optimal Spacecraft Guidance — §22. Q-Guidance

SubS‘h“WhI\O\ .wu R’T = P- - \‘\ a\im

&l

k@-s)“- porar =25 (f-9g)

= ﬂ}—' rz + 2";"‘%4‘
= ar - (ReB)Vy + 2w, AVy
) \ Ak

s°"'.“\ {‘” d'w\lM' u$|;u\ Yhae vbumd.ra&io {prw\u o
-\—u\cim\ Yha N"\“H“' root (g.'m J,\ should loa dum:ﬁﬂ)

- _ th |
[

Ex pwd.l'vu\ Yht roor nbo o sSeries

ﬂ"\uu

Q\gs = —«T[(—g‘_\,ﬂ x Av.‘.
% 0%
We now inMdrdacl o new variable \' Sa’o‘sh.h\

Ly T -B
Y\' 2 Ay
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Tha reswlhj odE -‘;' 4 s linear and ?,M-orm.

§ o+ (L&T—A)i - 1Fy <o

At

Thae 3olullon o ¥le ODE 5 +4hen as'l“v\v \ou\ it

Meracterishe values

. . . J.
22,20, T ~mu ¢ At[A"+1a‘+_rg -~ -:m)}"

Mo Mo WMo
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In  Yerms o& thae 0c:1im~\ Variable Vo\ (ot \l)

P PR
2at A c.e?“’

whuwte ¢ can be resoled us‘uu‘ the (nhal condilSons.
Dc"iru‘rvs

w = ?}v,‘m > e = -(w*r)

1“-‘(0) W-\'a‘_

Fimlh‘, e burn  hime  eshoate 'h\, s —‘ow\i us..N\
o fack  Aher VSL'*Q’D- Thas

We _QM,[?\\UH@\ :
-3, 2.(2)+w0)
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