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Abstract

The topic of this paper is a two-player zero-sum differential game known as

the target guarding problem. After a brief review of Isaacs’ original problem

and solution, a problem with second-order dynamics and acceleration control is

considered. It is shown that there are four solution classes satisfying the neces-

sary conditions. The four classes are i) abnormal and non-singular, ii) normal

and non-singular, iii) normal and pursuer singular, iv) normal and evader sin-

gular. The normal and totally singular case is ruled out. Closed-form solutions

are provided for cases ii-iv. The order of singularity in all cases is infinite.

Thus, the problem exhibits many interesting properties: normality, abnormal-

ity, non-singularity, infinite-order singularity, and non-uniqueness. A practical

example of each class is provided.

1 Introduction

The topic of this paper is a two-player zero-sum differential game known as the target

guarding problem. It was first considered by Isaacs in his seminal book on differential

games [1]. The original problem involved two players moving in a plane. The first

player is “the pursuer” and denoted by P . The second player is “the evader” and

denoted by E. The pursuer’s objective is to capture the evader as far from the origin

as possible. The evader’s objective is to be captured as close to the origin as possible.
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Figure 1: Geometry of Isaacs’ original problem with evader (E), pursuer (P), and the
region to be protected (C). For simplicity herein, the region is assumed to be a point
at the origin.

A playability condition is assumed wherein the evader is captured away from the

origin. Discussion of playability, games-of-kind, and games-of-degree is beyond the

scope of this paper [1, 2].

The illustration in Figure 1, borrowed from Isaacs’ book, shows the geometry and

solution assuming both players move at equal and constant speed so that each player

is controlled only by its angle of motion. Isaacs provided a description of the solution

methodology:

“Draw the perpendicular bisector of PE. Any point in the half-plane

above this line can be reached by E prior to P , and this property fails in

the lower half-plane. Clearly E should head for the best of his accessible

points. Let D be the point of the bisector nearest C. The optimal strate-

gies for both players decree that they travel toward D. Capture occurs

there, and the length of the dotted line is the value of the game.”

He followed this methodology with supporting geometric arguments demonstrating

that each player’s objective worsens if he deviates from the suggested strategy.

As mentioned, this methodology assumes both players move at equal and constant

speed so that their only control is the angle of motion. This problem can be made

more challenging and interesting in many ways, and variations on the target guarding

problem have garnered attention lately in the literature. For example, the equal speed
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and strict coincidence at the final time conditions have been relaxed and studied in

the context of unmanned vehicles and anti-poaching operations [3].

Rusnak considered a missile application [4] and an interesting variation called The

Lady, The Bandits, and The Bodyguards, which involved a team of pursuers and a

team of evaders [5]. Related games involving multiple players have also been consid-

ered in the context of border patrol operations [6].

The resulting numerical problems can be difficult yielding analytical solutions only

for special cases. Some recent analytical examples include stochastic games [7, 8] and

missile guidance [9]. Other solution methods involve heuristics, which have been used

to solve games with multiple players [10, 11]. A “semi-direct” approach that solves a

single optimization problem using direct methods by embedding the necessary condi-

tions of one player into the other has also been developed [12, 13]. This approach has

been used recently in a missile-evasion application [14]. However, since the necessary

conditions may yield local optima, there are no guarantees.

Another approach is to decompose the problem into a sequential set of one-sided op-

timization problems, and this has been applied to aircraft visualization [15]. Other

connections to bilevel programming have been made but cannot handle singular

solutions [16]. Neural networks have also been applied under normality and non-

singularity assumptions. They present new challenges in network design, training,

and convergence [17].

This paper contributes to the literature by investigating a generalization of the target

guarding problem with second-order dynamics and bounded acceleration control. In

this setting, it is shown that there are four solution classes: i) normal and non-

singular, ii) abnormal and non-singular, iii) normal and pursuer is singular, and iv)

normal and evader is singular. The singular cases are shown to be of infinite-order.

The normal and totally singular case is ruled out. In the first case, the game is reduced

to a set of nonlinear algebraic equations. In all other cases, analytical solutions are

found. A practical example of each case is demonstrated.

Differential games are challenging to solve, and closed-form analytical solutions can

only be found in special cases. Many of the numerical methods devised to solve these

problems ignore abnormality and singularity. The results herein demonstrate there
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is a risk in doing so. Additionally, recent work in convexification of optimal control

problems depends on proof of non-singularity achievable under controllability-type

conditions [18, 19]. In the game-theoretic setting, stronger conditions will need to

be satisfied. Thus, one should expect challenges in generalizing the convexification

concepts to multi-player games.

The remainder of the paper is organized as follows. In the next section, the nec-

essary conditions of Berkovitz and Pontryagin are stated for a two-player zero-sum

differential game [20, 21, 22]. The conditions will be used numerous times, so it is

useful to capture them here. We then study Isaacs’ original problem with velocity

control to set the stage and demonstrate use of the necessary conditions on a simpler

problem. The problem with dynamics and acceleration control is then introduced

and analyzed. There are five sub-sections corresponding to the four solution classes

and one class that is ruled out. Finally, practical examples are given, and the results

are summarized.

2 Necessary Conditions

In this section, we formulate a generic two-player zero-sum differential game and

review the necessary conditions. In this game, the first player’s state and control pair

is given by (x, u) ∈ Rnx ×Rnu . Likewise, the second player’s state and control pair is

given by (y, v) ∈ Rny × Rnv . The dynamics of the game are given by

ẋ = f(x, u), x(0) = x0, u ∈ U , (1)

ẏ = g(y, v), y(0) = y0, v ∈ V , (2)

ψ(xe, ye) = 0, (3)

where t = 0 is the initial time, x0 and y0 denote the initial states, U and V are the

closed control sets, and ψ(xe, ye) is the terminal constraint manifold. The objective

of the game is

J = φ(xe, ye), (4)

where te ∈]0,∞[ is the end time of the game, and xe := x(te) and ye := y(te) are the

end states. The first player’s goal is to maximize the objective; the second player’s
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goal is to minimize the objective.

To state the necessary conditions concisely, we first define the Hamiltonian and end-

point functions, H and G, respectively:

H = λ>1 f(x, u) + λ>2 g(y, v), (5)

G = λ0φ(xe, ye) + ν>ψ(xe, ye). (6)

We assume that all functions are continuously differentiable with respect to state

variables and continuous with respect to control variables. We also assume that there

is no explicit time dependence and that the final time is free. All of these assumptions

can be relaxed, but the generality is not needed in this paper.

Assuming that an extremal solution exists, the first-order necessary conditions state

that there is a non-trivial set of multipliers (λ0, λ1, λ2, ν) such that the following hold:

λ0 ∈ {0, 1}, (λ0, λ1, λ2, ν) 6= 0 ∀t ∈ [0, te], (7a)

ẋ = f(x, u), x(0) = x0, (7b)

ẏ = g(y, v), y(0) = y0, (7c)

ψ(xe, ye) = 0, H = 0, (7d)

λ̇1 = −∂H/∂x, λ̇2 = −∂H/∂y, (7e)

λ1e = ∂G/∂xe, λ2e = ∂G/∂ye, (7f)

u = arg max
u∈U

H, v = arg min
v∈V

H. (7g)

The quantity λ0 is referred to as the abnormal multiplier. Solutions where λ0 = 1 are

normal; solutions where λ0 = 0 are abnormal. In the geometric context of Pontrya-

gin’s Principle, abnormality indicates that the separating hyperplane is vertical and

the set of neighboring trajectories is degenerate [22, 23].

Early versions of the necessary conditions for optimal control were derived under

normality assumptions. These assumptions were first removed by McShane in the

Calculus of Variations setting [24]. Pontryagin then generalized that result in the

optimal control setting [22].

The condition that all multipliers not be zero for all time is referred to as the non-
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triviality condition. It indicates the existence of a separating hyperplane. The con-

dition that H = 0 is referred to as the stationarity condition. It arises because the

final time is free and the Hamiltonian is constant along an extremal trajectory. The

equations in the second to last row are called the transversality conditions.

The final equations are called the pointwise maximum/minimum conditions. In-

stances where these do not adequately characterize the controls are called singular.

When this happens, higher-order conditions must be used. The study of necessary

conditions for singular arcs also began under normality assumptions [25, 26, 27, 28]

until they were removed by Krener [29]. In certain situations, the order of singularity

is infinite, and the higher-order conditions also fail to yield a solution [30, 31]. This

interesting situation happens in the target guarding problem.

We will use these necessary conditions to characterize and analyze solution types for

two problems: Isaacs’ original problem with velocity control and a generalization with

second-order dynamics and acceleration control.

3 Problem with Velocity Control

In this section, we study Isaacs’ problem where each player controls his velocity. As

described before, the pursuer is trying capture the evader as far from the origin as

possible. For a given time, the pursuer’s state and control pair is (x, u) ∈ R2 × R2.

Likewise, the evader’s state and control pair is (y, v) ∈ R2 × R2. The speeds of the

pursuer and evader are bounded by ρ1 and ρ2, respectively. We now make two as-

sumptions so that the problem is a well-posed game-of-degree.

Assumption 1: The pursuer captures the evader away from the origin.

Assumption 2: The players’ initial positions are not collocated and their speeds are

bounded such that the end time te ∈]0,∞[.

The dynamics of the game are given by first-order differential equations and simple
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norm-bounded control constraints.

ẋ = u, ||u|| ≤ ρ1

ẏ = v, ||v|| ≤ ρ2 (8)

As described above, it is assumed that the game ends with capture. Thus, at the end

time, there is a terminal constraint

xe − ye = 0, (9)

where xe := x(te) and ye := y(te) are the final states of the pursuer and evader,

respectively. Given the zero-sum nature of the game and the terminal condition, the

objective of the game is

J = 1
2
y>e ye, (10)

for which the pursuer is trying to maximize and the evader is trying to minimize.

Analysis of the problem begins by forming the Hamiltonian and endpoint functions:

H = λ>1 u+ λ>2 v,

G = 1
2
λ0y

>
e ye + ν>(xe − ye). (11)

We then write down the necessary conditions specified in the previous section. First,

the multiplier conditions are

λ0 ∈ {0, 1} and (λ0, λ1, λ2, ν) 6= 0 ∀t ∈ [0, te]. (12)

The stationarity condition says that the Hamiltonian must be zero at all times.

λ>1 u+ λ>2 v = 0 (13)

The multipliers are constant

λ̇1 = 0 and λ̇2 = 0, (14)

7



and their final point is given by the transversality conditions

λ1e = ν and λ2e = λ0ye − ν. (15)

Eliminating ν relates the multipliers at the final time.

λ2e = λ0ye − λ1e (16)

Lastly, the pointwise maximum/minimum conditions give

u∗ =

ρ1λ1/||λ1||, λ1 6= 0

singular, λ1 = 0
, (17)

v∗ =

−ρ2λ2/||λ2||, λ2 6= 0

singular, λ2 = 0
. (18)

In the abnormal case where λ0 = 0, we have λ1 = −λ2 6= 0 due to the non-triviality

condition. Inspecting Equations 17 and 18 indicates that the controls are always

aligned. Substituting the controls into the Hamiltonian gives

||λ1||ρ1 − ||λ2||ρ2 = 0, (19)

which can only be satisfied when ρ1 = ρ2. Thus, the abnormal case can only occur

when the two players move parallel to each other. This motion can only satisfy the

terminal constraint if the two players start at the same point violating Assumption

2. Thus, abnormal solutions do not exist.

We now investigate the normal case where λ0 = 1. If λ1 = 0 and λ2 6= 0, then the

Hamiltonian simplifies to

H = −||λ2||ρ2 = 0, (20)

implying that λ2 = 0 – a contradiction. A similar contradiction is found assuming

λ2 = 0 and λ1 6= 0. Thus, one player being singular implies both players are singular.

In this case, Equation 16 requires ye = 0. Thus, singular solutions can only occur

when the game ends at the origin violating Assumption 1. In conclusion, all solutions

are normal and non-singular.
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4 Problem with Second-Order Dynamics and Ac-

celeration Control

We now consider a related problem with second-order double integrator dynamics.

The two assumptions in the previous section still apply.

ẋ1 = x2, ẋ2 = u, ||u|| ≤ ρ1

ẏ1 = y2, ẏ2 = v, ||v|| ≤ ρ2 (21)

The triple (x1, x2, u) ∈ R2 × R2 × R2 represents the pursuer’s position, velocity, and

acceleration (control). Similarly, (y1, y2, v) ∈ R2 × R2 × R2 represents the evader’s

position, velocity, and acceleration (control). The capture condition at the end time

is now given by

x1e − y1e = 0. (22)

The objective of the game is

J = 1
2
y>1ey1e, (23)

for which the pursuer is trying to maximize and the evader is trying to minimize.

Analysis of the problem begins by forming the Hamiltonian and endpoint functions:

H = λ>1 x2 + λ>2 u+ λ>3 y2 + λ>4 v,

G = 1
2
λ0y

>
1ey1e + ν>(x1e − y1e). (24)

We then write down the necessary conditions from Section 2 beginning with the

multiplier conditions:

λ0 ∈ {0, 1} and (λ0, λ1, λ2, λ3, λ4, ν) 6= 0 ∀t ∈ [0, te]. (25)

The stationarity condition says that the Hamiltonian must be zero at all times.

λ>1 x2 + λ>2 u+ λ>3 y2 + λ>4 v = 0 (26)
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The differential equations for the multipliers give

λ̇1 = 0, λ̇2 = −λ1, =⇒ λ2 = −λ1(t− te) + λ2e,

λ̇3 = 0, λ̇4 = −λ3, =⇒ λ4 = −λ3(t− te) + λ4e. (27)

The boundary conditions arising from transverality require

λ1e = ν, λ2e = 0,

λ3e = λ0y1e − ν, λ4e = 0. (28)

Lastly, the pointwise maximum/minimum condition gives

u∗ =

ρ1λ2/||λ2||, λ2 6= 0

singular, λ2 = 0
, (29)

v∗ =

−ρ2λ4/||λ4||, λ4 6= 0

singular, λ4 = 0
. (30)

We will now investigate the various solution types in the upcoming subsections.

4.1 Normal and Non-Singular Case

In this subsection, we investigate normal and non-singular solutions. Thus, λ0, λ2, λ4 6=
0. Substituting Equations 27 and 28 into Equations 29 and 30 gives

u∗ =
λ2
||λ2||

ρ1 and v∗ =
−λ4
||λ4||

ρ2

=
−λ1(t− te)
||λ1||(te − t)

ρ1 =
λ3(t− te)
||λ3||(te − t)

ρ2.

=
λ1
||λ1||

ρ1 =
−λ3
||λ3||

ρ2 (31)
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Thus, the extremal controls are constant since λ1 and λ3 are constant. Integrating

the state equations gives

x2 =
λ1
||λ1||

ρ1t+ x20, x1 =
λ1
||λ1||

ρ1
t2

2
+ x20t+ x10,

y2 =
−λ3
||λ3||

ρ2t+ y20, y1 =
−λ3
||λ3||

ρ2
t2

2
+ y20t+ y10. (32)

There are three unknowns (λ1, λ3, and te) that can be solved using the equations

below arising from the terminal constraint (Eq. 22), transversality (Eq. 28), and

stationarity (Eq. 26).

x1e − y1e = 0

λ1 + λ3 − y1e = 0

λ>1 x2e + λ>3 y2e = 0 (33)

The expressions for x1e, x2e, y1e, and y2e can be substituted and the above algebraic

equations can be solved simultaneously to find the unknowns. No closed-form or

simplified expressions could be found.

4.2 Abnormal Case

Abnormal solutions are ones that are independent of the objective, i.e., λ0 = 0.

Geometrically speaking, this independence occurs when the separating hyperplane

(as defined by Liberzon on page 130 [23]) is vertical – indicating degeneracy in the

set of neighboring trajectories.

In the abnormal case where λ0 = 0, Equations 25, 27, and 28 imply λ3 = −λ1 6= 0,

i.e., the controls are non-singular and always aligned. We denote λ = λ1 = −λ3.
Looking back to Equation 33, there are now two unknowns λ and te satisfying the

equations

x1e − y1e = 0,

λ>(x2e − y2e) = 0. (34)
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We then define ρ12 = ρ1 − ρ2, r20 = x20 − y20, and r10 = x10 − y10. Integrating the

two state equations and enforcing the capture condition gives

λ

||λ||
ρ12

t2e
2

+ r20te + r10 = 0. (35)

Substituting the state equations into the second of Equation 34 gives

||λ||ρ12te + λ>r20 = 0. (36)

We now study the case where ρ12 6= 0. Solving for λ in Equation 35 gives

λ =
−2||λ||(r20te + r10)

ρ12t2e
, (37)

and substituting into Equation 36 yields

−2||r20||2te − 2r>10r20 + ρ212t
3
e = 0. (38)

This equation can be solved analytically for the final time. After knowing te we can

find λ/||λ|| using Equation 35.

λ

||λ||
=
−2(r20te + r10)

ρ12t2e
(39)

If ρ12 = 0, the necessary conditions reduce to

r20te + r10 = 0,

λ>r20 = 0. (40)

Note that r20 = 0 if and only if r10 = 0, which violates Assumption 2. Thus, r20, r10 6=
0. Additionally, the relative initial velocity is opposite the relative position vector,

i.e., they’re initially moving at each other. The multiplier is then non-unique and

orthogonal to the initial relative velocity. To summarize: If the extremal is abnormal

and

• if ρ12 6= 0 and r10 ∦ r20, use Eq. 38 to find te and Eq. 39 to find λ.

• if ρ12 = 0 and r10 ‖ r20, use Eq. 40 to find te and λ.
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The two abnormal scenarios can be solved analytically.

4.3 Normal and Pursuer is Singular Case

We now investigate normal solutions where the pursuer’s control is singular and the

evader’s control is non-singular, i.e., λ0 = 1, λ2 = 0, and λ4 6= 0. It follows from

Equation 28 that λ2 = λ1 = ν = 0. Also, λ3 = y1e. In this case, the extremal control

for the evader is

v =
−y1e
||y1e||

ρ2, (41)

so that the evader applies maximum control directed away from the capture point.

Substituting into Equation 26 gives

y>1ey20 − ||y1e||teρ2 = 0. (42)

Integrating the state equation and rearranging to solve for y1e gives

y1e =
||y1e||(y20te + y10)

||y1e||+ ρ2t2e/2
. (43)

Computing the norm gives

||y1e|| = ||y20te + y10|| − ρ2t2e/2. (44)

The above expression for y1e in Equation 43 can be substituted into Equation 42 to

find that

||y1e|| =
||y20||2

ρ2
+
y>10y20
ρ2te

− ρ2t
2
e

2
. (45)

Equating the expressions for ||y1e|| gives a single equation to solve for the final time

te.

||y20te + y10||ρ2te − ||y20||2te − y>10y20 = 0 (46)

This equation in te can be solved analytically. Once te is known, it can be substituted

into either Equation 44 or 45 for ||y1e||, which can then be used to find y1e in Equation

43. This solves all unknowns for the evader.

Returning attention to the pursuer, the the partial derivative of the Hamiltonian
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with respect to u gives Hu = λ1. Repeated differentiation with respect to time never

yields information to determine the control. Thus, the order of singularity is infinite.

Any feasible control for the pursuer that terminates at y1e satisfies the necessary

conditions.

4.4 Normal and Evader is Singular Case

We now investigate normal solutions where the evader’s control is singular and the

pursuer’s control is non-singular, i.e., λ0 = 1, λ4 = 0 and λ2 6= 0. It follows from

Equation 28 that λ1e = y1e = x1e. In this case, the extremal control for the pursuer

is

u =
x1e
||x1e||

ρ1, (47)

so that the pursuer applies maximum control directed at the capture point. Substi-

tuting into Equation 26 gives

x>1ex20 + ||x1e||ρ1te = 0. (48)

Integrating the state equation and rearranging to solve for x1e gives

x1e =
||x1e||(x20te + x10)

||x1e|| − ρ1t2e/2
if ||x1e|| 6= ρ1t

2
e/2. (49)

Computing the norm gives

||x1e|| = ±||x20te + x10||+ ρ1t
2
e/2, (50)

where the sign is determined by the condition ||x1e|| ≷ 1
2
ρ1t

2
e. The above expression

for x1e in Equation 49 can be substituted into Equation 48 to find that

||x1e|| =
−||x20||2

ρ1
− x>10x20

ρ1te
+

1

2
ρ1t

2
e. (51)

Equating the expressions for ||x1e|| gives a single equation to solve for te

±||x20te + x10||ρ1te + ||x20||2te + x>10x20 = 0, (52)
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where again the sign is resolved by the condition ||x1e|| ≷ 1
2
ρ1t

2
e. This equation in

te can be solved analytically. Once te is known, it can be substituted into either

Equation 50 or 51 for ||x1e||, which can then be used to find x1e in Equation 49. This

solves all unknowns for the pursuer when ||x1e|| 6= ρ1t
2
e/2.

In the case where ||x1e|| = ρ1t
2
e/2, the problem can be solved using

x20te = −x10 and x>1ex20 + ρ21t
3
e/2 = 0, (53)

and we see that this case happens when the initial position and velocity vectors are

aligned and opposite in sign. This solves all unknowns for the pursuer. Turning now

to the evader, the order of singularity is again infinite, and any feasible control that

terminates at x1e satisfies the necessary conditions.

4.5 Normal and Both Players Singular Case

We now investigate a final situation of normal solutions where both players use sin-

gular controls, i.e., λ0 = 1 and λ2 = λ4 = 0. It follows that λ1 = λ3 = ν = 0, which

can only be true if y1e = 0. Thus, all normal, totally singular solutions terminate at

the origin violating Assumption 1.

5 Examples

This section provides examples of each solution class. In each subsection, the problem

data is specified, followed by the solution and a graphical representation, and then a

brief discussion.

5.1 Normal and Non-Singular Case

The initial state vectors are

x1(0) =

[
−1

1

]
, x2(0) =

[
0

0

]
, y1(0) =

[
0

2

]
, y2(0) =

[
0

0

]
(54)
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and the control bounds are ρ1 = ρ2 = 1. Following the analysis of Section 4.1, the

solution is given by

λ1 =
1

4

[
3

−1

]
, λ3 =

1

4

[
−1

3

]
, te ≈ 1.7783 (55)

The resulting trajectories are shown in Figure 2. In this case, the solution is similar to

that described by Isaacs. The players travel at maximum speed to the point nearest

the origin on their perpendicular bisector.

Figure 2: Normal and non-singular trajectories.

5.2 Abnormal Case

The initial state vectors are

x1(0) =

[
2

0

]
, x2(0) =

[
0

1

]
, y1(0) =

[
2

2

]
, y2(0) =

[
0

−1

]
(56)
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and the control bounds are ρ1 = ρ2 = 1. Following the analysis of Section 4.2, the

solution is given by

λ1 =

[
−1

0

]
, λ3 =

[
1

0

]
, te = 1 (57)

The resulting trajectories are shown in Figure 3. In this case, the solution involves the

evader moving to the origin along a minimum time trajectory but being intercepted

by the pursuer along his minimum time trajectory.

Figure 3: Abnormal trajectories.

Note that the solution is non-unique since λ1 = [1 0]> and λ3 = [−1 0]> also satisfy

the necessary conditions. However, this choice of multipliers suggests that the evader

moves away from the origin contrary to the evader’s goal.

5.3 Normal and Pursuer is Singular Case

The initial state vectors are

x1(0) =

[
1

0

]
, x2(0) =

[
0

0

]
, y1(0) =

[
2

0

]
, y2(0) =

[
1.5

0

]
(58)
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and the control bounds are ρ1 = 2 and ρ2 = 1. Following the analysis of Section 4.3,

the solution is given by

λ1 =

[
0

0

]
, λ3 =

[
3.125

0

]
, te = 1.5 (59)

The resulting trajectories are shown in Figure 4. In this case, the initial positions are

collinear with the origin and the evader is initially moving away from the origin. The

evader’s strategy is to accelerate toward the origin to the greatest extent possible –

essentially applying the brakes. The pursuer’s strategy is to wait and then capture

at the moment the evader starts to head back to the origin.

Figure 4: Normal and pursuer is singular trajectories. The trajectories are displayed

with a small offset for visualization purposes only.

5.4 Normal and Evader is Singular Case

The initial state vectors are

x1(0) =

[
1

0

]
, x2(0) =

[
−1

0

]
, y1(0) =

[
2

0

]
, y2(0) =

[
0

0

]
(60)
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and the control bounds are ρ1 = 1 and ρ2 = 3. Following the analysis of Section 4.4,

the solution is given by

λ1 =

[
0.5

0

]
, λ3 =

[
0

0

]
, te = 1 (61)

The resulting trajectories are shown in Figure 5. In this case, the initial positions

are collinear with the origin and the pursuer is initially moving to the origin. The

pursuer’s strategy is to accelerate away from the origin to the greatest extent possible.

The evader’s strategy is to move toward the origin and cause interception at the point

where the pursuer’s velocity is zero.

Figure 5: Normal and evader is singular trajectories. The trajectories are displayed

with a small offset for visualization purposes only.

6 Conclusions

This paper studied a two-player zero-sum differential game that was an extension

of the classical target guarding problem. It was shown that there are four solution

classes satisfying the necessary conditions. The four classes are i) abnormal and non-
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singular, ii) normal and non-singular, iii) normal and pursuer singular, iv) normal and

evader singular. The normal and totally singular case was ruled out. Closed-form

solutions were provided for cases ii-iv. The order of singularity in all cases was infinite.

Thus, the problem exhibits many interesting properties: normality, abnormality, non-

singularity, infinite-order singularity, and non-uniqueness. A practical example of each

class was provided.

Differential games are challenging to solve, and closed-form analytical solutions can

only be found in special cases. Many of the numerical methods devised to solve these

problems ignore abnormality and singularity. The results herein demonstrate there

is a risk in doing so. Additionally, recent work in convexification of optimal control

problems depends on proof of non-singularity achievable under controllability-type

conditions. In the game-theoretic setting, stronger conditions will need to be satisfied.

Thus, one should expect challenges in generalizing the convexification concepts to

multi-player games.
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