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Abstract

This paper introduces a new approach for the synthesis of Markov chains

with density safety constraints. Specific safety constraints considered are: (i)

Density upper bound constraints; (ii) Bound on the rate of change of density.

The proposed approach is based on a new mathematical result that formulates

these constraints as linear, and hence convex, inequality constraints. The main

contribution of the paper is that the new convex constraints are proved to be

equivalent, necessary and sufficient, to the original constraints. This result

enables the formulation of the Markov chain synthesis problem as a Linear Ma-

trix Inequality (LMI) optimization problem with additional constraints on the

steady state probability distribution, ergodicity, and feasible state transitions.

The LMI formulation presents a necessary and sufficient design condition for

reversible Markov chains, that is, it is not conservative. When the reversibil-

ity is not required, the LMI condition is only sufficient due to the ergodicity

constraint. Since LMI problems can be solved to global optimality in polyno-

mial time by using Interior Point Method algorithms, the proposed LMI-based

design approach is numerically tractable.
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1 Introduction

Markov chain synthesis has been of interest in statistics, physics, systems theory, and

in many other areas of science and engineering in the context of Monte Carlo Markov

Chain (MCMC) methods [10, 13, 17, 11, 22, 12, 4]. The main goal of our research is

to obtain numerically tractable solution methods for the synthesis of Markov chains.

To this end, the main focus and contribution of this paper is to formulate the density

safety constraints for Markov chain synthesis as equivalent convex constraints, specif-

ically as equivalent linear inequality constraints. There are two safety constraints

considered: (i) Density upper bound constraints; (ii) Bounds on the rate of change of

density. Density upper bound constraints are also referred to as safety upper bound

constraints and another set of equivalent conditions were presented in [3, 14], which

proved to be a very useful analysis result to check whether a given Markov chain sat-

isfies the density upper bound constraints or not. However, we still need a synthesis

condition that is numerically tractable; that is, a condition for the design of a Markov

matrix that satisfies all relevant problem constraints. Rate of change of density is

also introduced as an additional safety constraint, which we will also refer to as the

safety rate constraint. Convex characterizations of these two constraints provided the

main motivation for the current paper.

Our first key result is given by Theorem 1, and it presents equivalent linear inequality

conditions for density upper bound constraints. Earlier results [3, 14] provided an

analysis condition and our new result provides a convex condition, which convexifies

the synthesis. Our second key result is given by Theorem 2, which characterizes the

safety rate constraint as equivalent linear inequalities. These two linear, hence con-

vex, necessary and sufficient conditions obtained for the density upper bound and

rate constraints are new results, which enable convex synthesis results for Markov

chain synthesis. With the additional constraints on the steady state probability

distribution, ergodicity, and state transitions, it is shown that the overall Markov

chain synthesis can be equivalently formulated as a Linear Matrix Inequality (LMI)

optimization problem for reversible Markov chains [6, 1, 7]. Hence the proposed

LMI-based design method is not conservative. When the reversibility condition is not

imposed, the proposed LMI conditions become only sufficient, and hence the proposed

design method introduces conservatism.

2



LMI problems, also referred to as Semidefinite Programming problems, are convex

optimization problems that can be solved numerically to global optimality in poly-

nomial time [6, 20]. Hence formulating Markov chain design constraints as LMIs

makes the synthesis problem numerically tractable, which is the motivation behind

the LMI formulation. Past research captured other relevant constraints [6, 1, 7] such

as ergodicity (convergence), transition and reversibility constraints as LMIs. Convex

characterization of the density safety constraints has been an important missing piece,

which is the key contribution of this paper. Furthermore the mathematical proofs

can be of independent interest. The proofs are based on the duality theory of convex

optimization, which gives useful geometric insights to handling safety constraints.

Notation The following is a partial list of notation: 0 is the zero matrix of ap-

propriate dimensions; ei is a vector of appropriate dimension with its ith entry +1

and its other entries zeros; x[i] = eTi x for any x ∈ Rn and A[i, j] = eTi Aej for any

A ∈ Rn×m; Q = QT � (�)0 implies that Q is a symmetric positive (semi-)definite

matrix; R > (≥)H implies that R[i, j] > (≥)H[i, j] for all i, j; R > (≥)0 implies

that R a positive (non-negative) matrix; v ∈ Rn is said to be a probability vector,

v ∈ Pn, if v ≥ 0 and 1Tv = 1; A Markov matrix M ∈ Mm is a square matrix

of size m with probability vectors in its columns; prob denotes probability of a

random variable; ∅ denotes the empty set; I is the identity matrix; 1 is the ma-

trix of ones; (v1, v2, ..., vn) ≡
[
vT1 vT2 ... vTn

]T
where vi’s have arbitrary dimensions;

diag(A) = (A[1, 1], . . . , A[n, n]) for matrix A; ρ(A) is the spectral radius of A; �
denotes the Hadamard (Schur) product.

2 Markov Chain Synthesis Problem with Density

Safety Constraints

In this section, we introduce the problem for the synthesis of a Markov chain with

density constraints. A Markov chain can be represented with three parameters X,

M and x(0) [3]. Here, X is the finite set of states of size m; M is the the state

transition matrix, which we call a Markov matrix, whose entries are defined as the

transition probabilities; x(0) is a probability vector giving the initial state probability
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distribution, where x(0)[i] gives the probability of the ith initial state. M [i, j] gives

the probability of transition from state j to state i and hence the Markov matrix M

determines the time evolution of the probability distribution as

x(t+ 1) = Mx(t) t = 0, 1, 2, . . . . (1)

Note that M ≥ 0 and 1TM = 1T , which implies that the probability vector x(t) stays

normalized as 1Tx(t)=1 for all t≥0. This follows from the fact that 1Tx(0)=1 and

1TM=1T , which implies that 1TM tx(0)=1TM (t−1)x(0)= . . .=1Tx(0)=1.

Safety upper bound constraint: A safety upper bound constraint is also intro-

duced in [3, 14] in the context of Markov chains. The density constraint ensures that

the probability of being in the ith state stays below a prescribed value

x(t) ≤ d, ∀ t = 0, 1, . . . , where 0<d<1, 1Td>1. (2)

Note that the initial state probability distribution is assumed to satisfy the safety

upper bound constraint.

Safety rate constraint: This is a new safety constraint that has not been considered

before. It ensures that the net flow rate is bounded,

|x(t+1)[i]−x(t)[i]|≤q[i], i=1, ...,m, t=0, 1,...,

or equivalently − q ≤ x(t+1)−x(t)≤q, t=0, 1,...,
(3)

where 0 < q ≤ 1.

The safety upper bound constraint is imposed in the Markov matrix by equivalent

linear inequality constraints that are presented in the first part of Theorem 1. The

theorem is proved by using the duality theory of convex optimization, which also

provides a useful geometrical insight. Furthermore this proof enabled us to observe

that the safety rate constraint, which is the focus of Theorem 2, can also be convexified

as a linear inequality constraint on M . In the second part of the Theorem 1, we

present a condition for the satisfaction of the safety constraints, which was first given

in [3]. This condition presents a way to check whether the synthesized Markov matrix

satisfies the constraint or not. However, there is still a need computationally tractable
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condition to Markov chain synthesis with all relevant constraints. The first part of

the theorem presents an equivalent convex optimization formulation that lends itself

well to computationally tractable synthesis by using Interior Point Method (IPM)

algorithms [20], as shown in detail in Section 3.

Theorem 1. Consider the Markov chain given by (1) with M ∈ Mm. For every

x(0)≤ d, x(t)≤ d t= 1, 2, ..., i.e. the density upper bound constraint holds, if and

only if the following equivalent conditions hold:

(C.1) There exist S∈Rm×m and y∈Rm such that

S ≥ 0, M + S + y1T ≥ 0,

y + d ≥
(
M + S + y1T

)
d.

(4)

(C.2) For each i = 1, ...,m, let ri := MT ei (transpose of i’th row of M). Consider

a permutation matrix Pi such that ηi := Piri is a vector in descending order and

let φi := Pid. Let the index ki be such that 1Tφi,ki < 1 and 1Tφi,ki+1 ≥ 1, where

φi,k := (φi[1], ..., φi[k − 1]) for any index k. Similarly let ηi,k := (ηi[1], ..., ηi[k − 1]).

Then the following hold

d[i]≥φTi,kiηi,ki +
(
1−1Tφi,ki

)
ηi[ki], i = 1, ...,m. (5)

Proof. The safety upper bound constraint holds if and only if the following conditions

hold:

max
x̂∈Pm,x̂≤d

eTi Mx̂− d[i] ≤ 0, i = 1, . . . ,m. (6)

The above condition means that, for any probability distribution x̂ ∈ Pm satisfying

the density upper bound constraint, the Markov chain will produce a next density dis-

tribution that does not violate this constraint. The condition (6) can be equivalently

written as

min
x̂∈Pm, x̂≤d

−eTi Mx̂ ≥ −d[i], i = 1, . . . ,m. (7)

The lefthand side of the above inequality is a linear programming problem that can

be written in a standard form [8, 5],

min
x ≥ 0, Ax = b

cTx,
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by introducing some slack variables as follows:

min
x̂,ξ
−eTi Mx̂ i = 1, . . . ,m, s.t.

x̂+ ξ = d, 1T x̂ = 1

x̂ ≥ 0, ξ ≥ 0,

where x=(x̂, ξ) and

A =

[
I I

1T 0

]
, b =

[
d

1

]
, c =

[
−MT ei

0

]
.

The dual of this optimization problem,

max
g ≥ 0, ATf + g = c

bTf,

is given as follows, by letting g = (s, ρ) and f = (z, y),

max
z,y,s,ρ

dT z + y i = 1, . . . ,m, s.t.

z + y1 + s = −MT ei, z + ρ = 0

s ≥ 0, ρ ≥ 0.

(8)

Note that since d>0 and 1Td>1, we can easily construct a solution x̂>0 and ξ>0

that satisfies the equality constraints of the primal. Similarly it is straight forward

to construct a feasible solution of the dual with s> 0 and ρ> 0. Hence the interior

point condition is satisfied, and the strong duality holds [15], which implies that any

optimal primal-dual pair satisfies zero duality gap, i.e., −eTi Mx̂−dT z−y= x̂T s+ξTρ=0.

Using (8), ρ=MT ei+s+y1and ρ≥0, and the dual problem can be written as follows

max
y,s

y − dT (MT ei + s+ y1) i = 1, . . . ,m, s.t.

s ≥ 0, MT ei + s+ y1 ≥ 0.
(9)

We now denote the optimal solution to the ith problem with a subscript i, i.e., yi and

si. Since the duality gap is zero, a necessary and sufficient condition for the safety is,

6



using (7), that the optimal solution of the dual problem must satisfy,

yi − dT (MT ei + si + yi1) ≥ −d[i]

si ≥ 0, MT ei + si + yi1 ≥ 0
i = 1, ...,m. (10)

Hence, if there is a solution that satisfies the safety constraint, there must be a

solution of the dual problem that satisfies the above inequalities, which are necessary

and sufficient conditions. When the above equations are written in matrix form for

all i, with

S =


← sT1 →
...

...
...

← sTm →

 , y =


y1
...

ym

 ,
the conditions given by (4) are obtained. This proves (C1).

To prove the next claim, (C2), the dual optimal cost is investigated as a function of

yi, which is denoted as F (yi). Suppose yi≥−min(ri), where ri=MT ei, which implies

that 1yi+ri≥ 0. So we can choose si = 0 for the maximal dual cost, which implies

that F (yi)=yi − dT (ri+ y1)=(1− dT1)yi−dT ri. Since (1−dT1)<0,

argmaxyi≥−min(ri)
F (yi) = −min(ri),

which then implies that

max
yi≥−min(ri)

F (yi) = (dT1− 1) min(ri)− dT ri.

Next suppose that yi≤−max(ri), that is, 1yi+ri≤0. In this case, to maximize the

cost we choose si=−(y1+ri)≥0, which implies that F (yi)=yi.

Lastly we consider −max(ri)≤yi≤−min(ri). This means that there exists a k such

that −ηi[k−1]≤yi≤−η[k]. Further, define ηi=(ηi,k, η̄i,k) where η̄i,k=(ηi[k], ..., ηi[m]).

Note that ηi[k−1] = min(ηi,k) and ηi[k] = max(η̄i,k). We can now express the dual
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problem (9) as

max
y,si,1,si,2

yi − φTi,kh1 − φ̄Ti,kh2

h1 = ηi,k + si,1 + yi1 ≥ 0, si,1 ≥ 0

h2 = η̄i,k + si,2 + yi1 ≥ 0, si,2 ≥ 0

where (s1, s2)=Pisi. The cost of this problem can also be expressed as

(1− 1Tφi,k)yi − φTi,kηi,k − φTi,ksi,1 − φ̄Ti,kh2.

Noting h2 and φ̄i,k are nonnegative vectors, φ̄Ti,kh2 = 0 by having h2 = 0. h2 = 0 is

feasible since s2 =−η̄i,k−yi1≥0, which follows from yi+ηi[k]=yi+max(η̄i,k) ≤ 0, that

is, yi1+η̄i,k≤0. Next, since ηi[k−1] = min(ηi,k) and yi+min(ηi,k)≥0, we have yi1+ηi,k≥
0. Hence si,1 = 0 is a feasible solution. Since si,1 appears as −φTi,ksi,1 where φi,k>0,

we must have si,1 =0 for maximal cost. Consequently F (yi)=(1−1Tφi,k)yi−φTi,kηi,k.
In summary, we have

F (yi) =


yi yi ≤ −max(ri)

(1−1Tφi,k)yi−φTi,kηi,k, −ηi[k−1] ≤ yi≤−ηi[k]

(dT1−1) min(ri)− dT ri yi≥−min(ri)

By simple substitution, one can show that F is a continuous piecewise linear function,

with its last piece being a constant function. It is a strictly increasing function for

all yi < −ηi[ki], and strictly decreasing for −ηi[ki] < yi < −min(ri), and constant

after yi ≥ −min(ri). This implies that argmaxF (yi) = −ηi[ki], which then implies

that maxF (yi)=(1−1Tφi,ki)ηi[ki]−φTi,kiηi,ki . Using the duality conditions (10) in the

first part of the proof, one can deduce the safety condition (5). This concludes the

proof.

Remark 1. For any Markov matrix M , d = 1 is feasible for (4) as expected, since

the probability cannot become larger than one for any state. To see this note that

for d = 1, y = −1 and S = 11T −M ≥ 0 satisfies the inequalities in (4).

The above remark leads to the following corollary, which gives a sufficient condition

for the density upper bound constraints.
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Corollary 1. A Markov chain with the matrix M satisfies the density upper bound

constraints defined by d>0 and 1Td>1, if M≤d1T .

Proof. The proof follows easily by letting S = d1T −M ≥ 0 and y=−d, which define

a feasible solution of (4).

This corollary indicates that, without any motion constraints (to be described later),

M=v1T for a v∈Pm such that v≤d leads to Markov chain that satisfies the density

upper bound constraints and the ergodicity constraints (to be defined later).

Next is our second key result that characterizes the bound on the rate of change of

density for a Markov chain.

Theorem 2. Consider the Markov chain given by (1) with M ∈ Mm. For any

sequence with bounded density, x(t) ≤ h, t = 1, 2, ..., where 0 ≤ h ≤ 1, −q ≤
x(t + 1) − x(t) ≤ q ∀t ≥ 0, hold, i.e. the bound on the rate of change of density

holds, if and only if the following equivalent conditions hold: There exist Sk∈Rm×m

and yk∈Rm, such that

Sk≥0, (−1)k(M−I)+Sk+yk1
T ≥0,

yk+q≥
(
(−1)k(M−I)+Sk+yk1

T
)

h,
k = 1, 2. (11)

Proof. The proof will follow similar steps and observations as in the proof of the first

part of Theorem 1. Noting that x[t + 1] = Mx[t], for any t = 0, 1, ..., the safety rate

constraint holds if and only if: For all i = 1, ...,m,

max
x̂∈Pm, x̂≤h

eTi (M − I)x̂− q[i] ≤ 0 and

min
x̂∈Pm, x̂≤h

eTi (I −M)x̂+ q[i] ≥ 0.
(12)

The first maximization problem in (12) is equivalent to

min
x̂∈Pm, x̂≤h

eTi (I −M)x̂+ q[i] ≤ 0, i = 1, ...,m.

As done in the proof of Theorem 1, the duals of the above problems, which are linear
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programming problems, are give as follows: For i = 1, ...,m,

max hT zi + yi

zi + yi1 + si = (I −M)T ei, zi + ρi = 0

zi ≥ 0, ρi = 0.

These imply that

ρi = −zi = (M − I)T ei + si + yi1 ≥ 0, i = 1, ...,m.

As also shown in the proof of Theorem 1, the above primal and dual linear programs

have zero duality gaps when they are feasible. Hence, to have the first optimization

problem in (12) has nonpositive maximum is equivalent to

y[i]− hT [(M−)T ei + si + y[i]1] ≥ −q[i], i = 1, ...,m.

Again as done in Theorem 1, see the discussion for (10), satisfaction of these inequal-

ities are equivalent to having S1 ∈ Rm×m, y1 ∈ Rm such that

S1 ≥ 0, (M − I) + S1 + y11
T ≥ 0

y1 + q ≥
(
(M − I) + S1 + y11

T
)

h.

Similarly having the second minimization problem in (12) with nonnegative cost is

equivalent to

S2 ≥ 0, (I −M) + S2 + y21
T ≥ 0

y2 + q ≥
(
(I −M) + S2 + y21

T
)

h.

The above set of conditions can equivalently be expressed as in (11), which concludes

the proof.

Note that the bound on the density h above does not have to be d as in Theorem

1. This generality is introduced so that the safety upper bound and rate constraints

can independently be imposed. For example, h=1 is the choice to impose the safety

rate constraint alone. On the other hand, if both safety constraints must be imposed,

then h=d is the right choice.
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2.1 Additional Constraints for the Markov Chain Synthesis

This section presents several important constraints that are typically considered in

Markov chains synthesis.

Desired Stationary Density Constraint We require a desired stationary distri-

bution v for M ,

Mv = v where M ∈Mm. (13)

Here, having Mv = v implies that: If x(T ) = v for some T ≥ 0 then x(t) = v for all

t ≥ T , i.e., v is a stationary distribution.

Convergence to Desired Density – Ergodicity Constraint The markov ma-

trix M which must guide the probability distribution from any given initial distri-

bution x(0)∈Pm towards the desired final distribution v, i.e., limt→∞ x(t) = v. The

following lemma gives a necessary and sufficient condition for asymptotic convergence

to a stationary distribution v (see [1] for a proof).

Lemma 1. Consider the Markov matrix M such that Mv = v. Then for any a

probability vector x(0) ∈ Rm, it follows that limt→∞ x(t) = v for the Markov chain

(1) if and only if

ρ(M − v1T ) < 1. (14)

State Transition Constraints Infeasible state transitions are disallowed by set-

ting the associated elements of M to zero,

(11T − ATa )�M = 0, (15)

where Aa is the adjacency matrix [19]: Aa[i, j] = 1 if the transition from ith to jth

state is feasible, and is 0 otherwise.
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3 LMI Synthesis of Markov Chains

This section uses the convex optimization formulation of the density upper bound

constraints to provide LMI optimization problems for Markov matrix synthesis. The

safety constraints (4), (11) and transition constraints (15) on M are linear inequality

and equality constraints, and hence they fit into an LMI formulation. Mv = v also

requires satisfaction of a linear constraint. The only constraint that requires addi-

tional treatment is the ergodicity constraint given by the spectral radius condition

(14). It is shown in [2], by using the LMI stability results of [9], that the spectral

radius condition (14) is equivalent to the existence of P = P T � 0 and G such that

the following matrix inequality holds for some λ∈ [0, 1)[
λ2P (M − v1T )TGT

G(M − v1T ) G+GT − P

]
� 0. (16)

Note that the scalar λ determines the convergence rate to the desired stationary

distribution v. The above matrix inequality condition would be a Bilinear Matrix

Inequality (BMI) with G as a solution variable, since both M and P are also solution

variables. It is possible to solve an optimization problem with the BMI (16) using

G as a solution variable, but this is not a convex optimization problem. With the

value ofG prescribed as well as the convergence rate λ, the following LMI optimization

problem with all Markov matrix constraints is proposed. Note that this LMI describes

a sufficient condition (due to prescription of G).

minM,P,S,y,S1,S2,y1,y2 1T (1− diag(M)) s.t.

constraints (13), (15), (4), (11) with h=d, and (16).

(17)

The following result is a summary of this section.

Proposition 1. The constraints in (17) define a set of sufficient conditions for the

satisfaction of: (i) stationarity of v, Mv= v; (ii) ergodicity, limt→∞ x(t) = v for any

x(0); (iii) the transition constraints (11T −ATa )�M = 0; and (iv) the density safety

constraints, x(t) ≤ d and −q ≤ x(t+ 1)−x(t) ≤ q for all t ≥ 0, for the Markov chain

(1) when x(0) ≤ d.
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Remark 2. i) Consider Theorems 1 and 2. If both safety upper bound and rate

constraints are to be imposed, then h=d must be chosen. If it is only the safety

upper bound constraint to be imposed, then q = h = 1 (or = d) is the right

choice. If the safety rate constraint must be imposed alone, h=d=1. Hence, in

any case, h = d can be chosen, which is done in the LMI optimization problem

(17).

ii) G is a prescribed quantity, not a solution variable (which is chosen to be G=

diag(v)−1 in our example problems). This is a source of conservatism in the

LMI synthesis without the reversibility constraint.

iii) The LMI problem (17) can be infeasible for a given λ∈ [0, 1). Then it is also

infeasible for any smaller λ. This observation is used to minimize λ, and hence

to maximize the convergence rate.

iv) For each feasible λ in (17), M is chosen as close to I as possible to keep the

number of transitions between the states to a minimum.

3.1 Necessary and Sufficient Conditions for Synthesis of Re-

versible Markov Chains

This section explores the imposition of the “reversibility” condition in Markov chain

synthesis [16].

Definition 1. A Markov process is reversible if the transitional probabilities remain

the same when the direction of time is reversed. This condition can be expressed as

Mdiag(v) = diag(v)MT , M ∈Mm, (18)

for the stationary distribution v and the Markov matrix M .

The reversibility condition is also known as a detailed balance condition [16] and

having reversibility implies the stationarity of v for the Markov chain, which can be

shown as follows: 1TMdiag(v)=1Tdiag(v)MT where 1Tdiag(v)=vT , ⇒ 1Tdiag(v)=

vTMT ⇒ vT = vTMT ⇒ Mv= v. Note that having v as the stationary distribution

of M does not necessarily imply its reversibility. In order to formulate the LMI
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condition for a reversible Markov chain, consider the spectral radius condition (14)

and let r := v1/2 (element-wise square root) and Q = diag(r),

ρ(M − v1T ) = ρ(M −Qr1T ) = ρ
(
Q−1(M −Qr1T )Q

)
,

which follows from the fact that the similarity transformations do not change the

eigenvalues. This implies that ρ(M − v1T ) = ρ(Q−1MQ− rrT ). Next since M is

constrained to be reversible, we must have Mdiag(v) = diag(v)MT , which implies

that MQ2 = Q2MT ⇒ Q−1MQ = QMTQ−1, that is, Q−1MQ is a symmetric ma-

trix. Then, it is noted that the spectral radius condition on the symmetric matrix

ρ
(
Q−1MQ− rrT

)
<1 can be equivalently expressed as [6]

λI � Q−1MQ− rrT � −λI where λ ∈ [0, 1). (19)

Now it follows that the following design problem, which is an LMI optimization

problem, can be posed to maximize the convergence rate by minimizing λ:

minλ,M,P,S,y,S1,S2,y1,y2 λ s.t.

constraints (18), (15), (4), (11) with h=d, and (19).

(20)

Once the minimum λ is computed by solving the above LMI problem, another LMI

problem with the same constraints and with λ being prescribed as the minimum one

(λ is not a solution variable now) can be solved with the cost used in the previous LMI

problem, 1T (1−diag(M)). The following result summarizes our findings on reversible

Markov chains.

Proposition 2. The constraints in (20) define a set of necessary and sufficient

LMI conditions for the satisfaction of: (i) stationarity of v, Mv = v; (ii) ergodic-

ity, limt→∞ x(t) = v for any x(0); (iii) the transition constraints (11T −ATa )�M=0;

and (iv) the density safety constraints, x(t)≤d and −q ≤ x(t + 1)− x(t) ≤ q for all

t ≥ 0, for reversible Markov chains with (1) when x(0) ≤ d.

Remark 3. Remark 2 also applies for Proposition 2.
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4 Numerical Example

To be able to test the theory on a simulated example and to visualize the solution, we

consider a swarm coordination problem described in [1], where the density distribution

of a swarm is controlled by using a Markov chain. A similar vehicle pattern formation

problem was considered in a different mathematical framework [21]. Here, N number

of mobile swarm agents are distributed on a prescribed region R, which is partitioned

to m discrete subregions Ri, i = 1, . . . ,m such that R =
⋃m
i=1Ri where Ri∩Rj =

∅ for i 6= j. The subregions, Ri, are referred to as ‘bins’. Let r(t) be the position

of an agent at time index t∈N+. Let x(t) be a probability vector such that x[i](t)

is the probability of the event that an agent will be in bin Ri at time t, x(t)[i] :=

prob(rk(t) ∈ Ri), k = 1, ..., N,where rk(t) is the position of the kth agent at time

t. The swarm distribution control problem is defined as follows: Given any initial

probability distribution vector x(0), the swarm must be guided to a specified steady-

state probability distribution v, that is, limt→∞ x(t) = v, subject to motion constraints

(i.e., allowable transitions between bins), specified by an adjacency matrix Aa as:

ATa [i, j]=0 ⇒ r(t+1) /∈ Ri when r(t) ∈ Rj, ∀t, and the density upper bound and

rate constraints (2) and (3). Consequently the swarm distribution control problem is

equivalent to the Markov chain design problem.

In this example, the swarm contains N = 2500 agents that are distributed on a U-

shaped region R, which is partitioned to seven equally sized rectangular bins. The fol-

lowing problem parameters are used: x(0)=(0.5, 0.5, 0, 0, 0, 0, 0), v=(0.05, 0.05, 0.05, 0.07, 0.07, 0.35, 0.36),

and

Aa =



1 1 1 0 0 0 0

1 1 1 0 0 0 0

1 1 1 1 0 0 0

0 0 1 1 1 0 0

0 0 0 1 1 1 1

0 0 0 0 1 1 1

0 0 0 0 1 1 1


.

Markov matrices are synthesized for three different cases:

1. With safety upper bound constraints d = (0.5, 0.5, 0.15, 0.14, 0.13, 0.5, 0.5), and
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q=0.11×1 and λ=0.985.

2. With safety rate constraints q = 0.11× 1 and λ=0.985.

3. With no safety constraints and λ=0.94.

Here a line search is performed to find the minimum feasible λ for each case. The

following Markov matrices are synthesized by using SDPT3 [18, 23]:

M =
1

10000



4905 4905 190 0 0 0 0

4905 4905 190 0 0 0 0

190 190 8040 1129 0 0 0

0 0 1580 848 8023 0 0

0 0 0 8023 63 188 190

0 0 0 0 406 5031 4752

0 0 0 0 1508 4781 5058



M =
1

10000



9577 1 422 0 0 0 0

1 9577 422 0 0 0 0

422 422 7962 853 0 0 0

0 0 1194 8059 1088 0 0

0 0 0 1088 7448 144 144

0 0 0 0 722 9853 3

0 0 0 0 742 3 9853



Probabilistic density control algorithm- Each agent:

1. Determines its current bin, rk(t) ∈ Ri.

2. Generates a random number z that is uniformly dis-

tributed in [0, 1].

3. Transitions to bin j , i.e., rk(t + 1) ∈ Rj , if
j−1∑
l=1

M [l, i]≤ z ≤
j∑
l=1

M [l, i].

The behavior of the swarm is monitored by recording the density of each bin during

the simulation. The density time histories are shown in Figure 2. For comparison,

a simulation is performed without safety constraints. The density upper bounds for

the bottom bins are set to lower values to be able to clearly observe the impact of
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Figure 1: Time evolution of the density distribution for the cases without any safety
constraints (d = q = 1) (left) and with safety rate constraints (right). Having the
safety rate constraint clearly slowed down the convergence.

the upper bounds. Without the constraints, the densities in some bins go beyond

the prescribed upper bounds. As expected, the convergence to the desired densities

is faster without the density upper bound constraints. In other words, the safety

constrains are achieved at the expense of the convergence rate.

5 Conclusions

This paper presented a new mathematical method for the synthesis of Markov chains

with density safety constraints. The main contribution of the paper is new necessary

and sufficient conditions for the density upper bound and rate of change constraints,

which are also referred to as density safety constraints. We also presented an LMI

formulation of the synthesis problem with the density safety, ergodicity, transition,

and reversibility constraints. This paper fills an important void in the previous work

with its convex optimization formulation of the density safety constraints in Markov

chain synthesis. A useful extension of this research is to combine the new convex
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Figure 2: Time history of the density of each bin. Safety rate constraints and upper
bound constraints are imposed in two separate simulations.

safety constraints with existing results on exploiting the structure of Markov chains

for LMI synthesis of large size Markov matrices. Useful results can also be obtained by

applying these new synthesis results on the Markov chain based decentralized vehicle

swarm coordination problems.

Acknowledgements

We gratefully acknowledge David S. Bayard of Jet Propulsion Laboratory for his very

insightful comments.

References
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