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Abstract

This paper presents a real-time solution method of the maximum divert tra-

jectory optimization problem for planetary landing. In mid-course, the vehicle

is to abort and retarget to a landing site as far from the nominal as physically

possible. The divert trajectory must satisfy velocity constraints in the range

and cross range directions and a total speed constraint. The thrust magnitude

is bounded above and below so that once on, the engine cannot be turned off.

Because this constraint is not convex, it is relaxed to a convex constraint and

lossless convexification is proved. A transformation of variables is introduced

in the nonlinear dynamics and an approximation is made so that the problem

becomes a second-order cone problem, which can be solved to global optimality

in polynomial time whenever a feasible solution exists. A number of examples

are solved to illustrate the effectiveness and efficiency of the solution method.

1 Introduction

This paper presents a solution method for the problem of performing a maximum

divert maneuver and soft landing. The method is based on a lossless convexification

of the optimal control problem and numerical solution of a second-order cone prob-

lem (SOCP), which is a convex optimization problem. Earlier research introduced

results for lossless convexification of optimal control problems without active state
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constraints. This is the first time lossless convexification has been established for

problems with active linear and quadratic state constraints.

The problem is to land safely on the surface of a planet. In mid-course, the vehicle is

to abort and retarget to a landing site as far from the nominal as physically possible.

The divert trajectory must satisfy a number of state and control constraints on the

velocity and thrust magnitude. The optimization problem is solved in real-time by

using a standard SOCP solver, which converges to the global optimal in polynomial

time whenever a feasible solution exists.

Large divert type maneuvers have been considered for Mars pinpoint landing [1, 2].

Trajectories generated by the proposed convex optimization algorithm have recently

been flight tested to demonstrate its effectiveness. As an example, flight tests of a

vehicle from Masten Space Systems, Inc. showed significant improvements in divert

capabilities by using similar algorithms [3]. Their vehicle “Xombie” flew up to 750

meters and landed safely in three consecutive flight tests. Prior flights of Xombie flew

diverts less than 100 meters. In these flight tests, velocity constraints were imposed

to keep aerodynamic forces below a level to ensure the structural integrity of the

vehicle. Thrust constraints were imposed to point the sensors to the ground. Prior

work presented the first fundamental results for lossless convexification of the soft

landing optimal control problem without active state constraints [1, 2, 4]. However,

in flights where the state constraints are active, such as the trajectories flown by

Xombie, the prior theoretical results do not ensure lossless convexification.

The current paper’s main contribution is to develop the analytical basis for the loss-

less convexification of soft landing problems with active state constraints. Having

active state constraints requires a different set of optimality conditions than the stan-

dard conditions of Pontryagin [5, 6]. This introduced new and significant theoretical

challenges so that a new approach to convexification had to developed.

Planetary landing problems have long provided motivation for research. Hull showed

that minimum fuel vertical take-off/landing trajectories consist only of coast and

maximum thrust arcs regardless of the mathematical form of the gravitational force [7,

8]. He used a technique based on Green’s Theorem developed by Miele [9]. Meditch

analyzed the vertical landing problem with constant gravitational acceleration using

the maximum principle [10]. He derived a simple switching function so that the
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maximum thrust arc begins at the correct time for a safe landing.

More recently, the research has focused on the landing problem that includes the

descent phase so that the problem is two or three-dimensional. For example, Hull

solves the problem by assuming a flat planet and constant thrust [11, 12]. After a

small angle approximation, he finds an analytical solution using throttling to satisfy

the boundary conditions. The same ideas can be used in the ascent problem [13]. An-

alytical solutions are well-suited for guidance applications because of their simplicity,

and they provide a certain physical insight into the problem and solution. Numer-

ous other simple solutions exist in the literature, for example, Apollo guidance [14],

IGM [15, 16], and PEG [17].

Other recent work has focused more on numerical methods allowing more compli-

cated models and constraints to be incorporated. For example, the problem has been

converted to a nonlinear parameter optimization and solved using direct collocation

and direct multiple shooting [18]. Any of the various pseudospectral methods can also

been used to solve landing problems, e.g., [19]. These direct numerical methods are

attractive because explicit use of necessary conditions is not required. In this setting,

the infinite-dimensional optimal control problem is converted to a finite-dimensional

parameter optimization problem and solved by a nonlinear programming method [20].

In general, such methods do not offer convergence guarantees.

A thrust constrained version of the landing problem has been solved as a SOCP using a

lossless convexification technique [1]. SOCPs form a subclass of convex programming

and can be solved in polynomial time using interior point methods (IPMs) [21]. That

is, the global optimal can be computed to a given accuracy in a fixed number of

steps, i.e., convergence is guaranteed, whenever a feasible solution exists. The idea

of lossless convexification is to relax the problem to a convex form and prove that

solutions of the relaxed problem are still solutions of the original problem. It has

been developed to handle some general problems [22] as well as tailored for certain

specific applications such as landing [1, 2] and rendezvous [23]. It is used here for a

more difficult landing problem with linear and quadratic state constraints.

The use of convex optimization methods, in general, has also been applied to a num-

ber of problems. For example, it has been used for autonomous rendezvous and

proximity operations [24] and constrained control of attitude dynamics [25]. Cus-
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tom IPMs have been recently introduced reducing computation times by orders of

magnitude [26]. Ongoing customization work is focused on SOCPs [27, 28], and the

results presented here provide excellent motivation for that work. As a consequence

of the lossless convexification and customization, SOCPs can be solved in real-time

making them amenable to guidance and control applications. As an example, the use

of a customized IPM reduced the solution time for rendezvous of two vehicles using

differential drag to 0.006 seconds – about five times faster than the fastest generic

code [23].

The structure of the paper is as follows. Section 2 introduces some notation used

throughout the text. Section 3 explains the problem, physical assumptions, and

develops a mathematical formulation of the problem. Because the resulting optimal

control problem has state constraints, a non-standard maximum principle must be

used to synthesize the problem. The appropriate principle is stated in Section 4. In

Section 5, a convex relaxation of the thrust constraint is introduced and it is proved

that solutions of the relaxed problem are in fact solutions of the original problem.

A transformation of variables is given in Section 6 that linearizes the equations of

motion. This leads to a conservative approximation of some constraints. The solution

method is briefly outlined in Section 7, and numerical results are provided in Section

8 using CVX [29, 30]. Finally, conclusions are made in Section 9.

2 Notation

Components of vectors are denoted with subscripts, e.g., r1 is the first component

of the vector r. The vector ei is a vector whose ith component is one and all others

are zero. When a function depends on time along with other variables, the bracket

notation is used, e.g., f(t, x(t), u(t))→ f [t]. When a function depends only on time,

the parenthetical notation is maintained, e.g., x(t).
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3 Problem Description

The problem is to perform a maximum distance divert from the specified target

location and land safely on the planet’s surface. It is assumed that 1) the only forces

acting on the vehicle are the thrust and gravity forces and 2) the vehicle is sufficiently

close to the planet to warrant a flat planet model where the acceleration due to gravity

is constant, and 3) the maneuver time is sufficiently short that rotation of the planet

can be ignored. The equations of motion under these assumptions are

ṙ(t) = v(t)

v̇(t) = T (t)/m(t)− g (1)

ṁ(t) = −α||T (t)||

The components of r are the range, cross range, and altitude, and the components

of v are their respective rates. For example, r1 is the range, and v1 is the range rate.

The symbol m denotes the mass. The thrust is T , and the gravity is g, which is

constant and points only in the altitude direction. The positive constant α is the

engine constant describing the mass flow rate.

All of the initial conditions for the system are specified and denoted with a subscript

zero. The vehicle is required to land softly on the surface; thus, the final altitude and

final velocities are specified and denoted with a subscript f .

r(t0) = r0, v(t0) = v0, m(t0) = m0

r3(tf ) = 0, v(tf ) = 0
(2)

The final range, cross range, and mass are free; however, the final mass cannot be

less than the dry mass of the vehicle, i.e., m(tf ) ≥ mc.

The problem is to perform a maximum divert from the specified target location; that

is, given a nominal landing site, divert to a landing site as far from the nominal as

physically possible. For convenience, the nominal landing site is specified to be the

origin. Mathematically, the performance index for the problem is

max w1r1(tf ) + w2r2(tf ) (3)
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where the constants w1 and w2 are non-zero weights. By picking the signs and magni-

tudes of the weights in the performance index, the analyst can design the trajectory.

As an example, consider the scenario described in Figure 1.

Scientific Area Crater 

Boulders 

Safe Landing 

𝑟1  

𝑟2  

Figure 1: Maximum divert landing scenario.

The axes are the range and cross range, and the nominal landing site is at the origin.

The terrain associated with the first quadrant contains a number of boulders and

irregular ground unsuitable for a safe landing. The third quadrant and lower portion

of the second quadrant contains the location of scientific interest, and it is best to

leave this area undisturbed for research. The fourth quadrant contains a large crater,

which is also unsuitable for a safe landing. Thus, the best location for divert is the

upper portions of the second quadrant. In this case, the weights are chosen as w1 < 0,

w2 > 0, and |w2| > |w1|.

Another scenario where maximum divert trajectories are useful is when a lander is

asked to land near a desired location, (r1d , r2d , 0) , but it is physically impossible to

get there. In that case, the weights can be chosen as w1 = r1d−r10 and w2 = r2d−r20

to ensure maximum divert towards the target location.

There are a number of safety requirements for landing problems. A common one is

that the velocity of the vehicle not exceed a critical value. For example, it is not

desirable for the speed to approach the speed of sound, which leads to instabilities

in the thrusters. There are three velocity constraints added to the problem: 1) a

range velocity constraint, 2) a cross range velocity constraint, and 3) a total speed

constraint.

|v1(t)| ≤ Va, |v2(t)| ≤ Vb, ||v(t)|| ≤ Vc (4)
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The quantities Va, Vb, and Vc are constant values describing the upper bounds. Finally,

the thrust magnitude cannot exceed a lower and upper bound. The lower bound exists

because the engine cannot operate reliably below the bound. The upper bound exists

because arbitrarily large thrusts are impossible.

ρ1 ≤ ||T (t)|| ≤ ρ2 (5)

This thrust magnitude constraint is not convex. As an example, in the two-dimensional

case, this type of constraint looks like an annulus as in Figure 2. The shaded region

is the admissible region.

𝑇1 

𝑇2 

𝜌1 

𝜌2 

Figure 2: Two-dimensional thrust constraint.

The following assumptions are also made.

Assumption 3.1. The velocity bounds satisfy V 2
a + V 2

b > V 2
c such that the range

and cross range velocity constraints cannot be active simultaneously.

Assumption 3.2. The thrust bounds satisfy ρ1 ≤ ||mcg|| and ||m0g|| ≤ ρ2 such that

the thrust force can always cancel the gravitational force.

For convenience, the performance index and all constraints are collected here in the

statement of the original problem P0. Without loss of generality, the maximization
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problem has been converted to a minimization problem.

P0 (6)

min J = −w1r1(tf )− w2r2(tf )

subj. to ṙ(t) = v(t), r(t0) = r0, r3(tf ) = 0

v̇(t) = T (t)/m− g, v(t0) = v0, v(tf ) = 0

ṁ(t) = −α||T (t)||, m(t0) = m0, mc ≤ m(tf )

|v1(t)| ≤ Va, |v2(t)| ≤ Vb, ||v(t)|| ≤ Vc

ρ1 ≤ ||T (t)|| ≤ ρ2

As stated, problem P0 is highly constrained and not convex. The non-convexity

arises because of 1) the lower bound on the thrust magnitude and 2) the nonlinear

dynamics. In general, such problems do not have closed form solutions and must be

solved numerically. Because convex problems can be solved to the global optimality

using polynomial-time IPM algorithms [31], converting the problem to a convex form

offers significant computational advantages.

This is the topic of Sections 5 and 6. In Section 5, the thrust constraints are relaxed

to be convex, and it is proved that the relaxation is lossless, i.e., optimal solutions

of the relaxed problem are optimal solutions of the original problem and vice versa.

However, the problem is still not convex because of the nonlinear dynamics. In

Section 6, a transformation of variables is introduced that linearizes the dynamics. A

consequence of the transformation is that a certain linear constraint becomes bilinear,

and hence not convex. This constraint is replaced with a convex approximation, which

is not lossless but does guarantee feasibility, i.e., optimal solutions of the approximate

problem are guaranteed to be feasible for the original problem. However, before

proceeding to the lossless convexification, an appropriate maximum principle with

state constraints must be stated.

4 Maximum Principle with State Constraints

The optimal control problem P0 contains three state constraints. In order to syn-

thesize the problem, an appropriate maximum principle with state constraints must
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be used because the standard necessary conditions of Pontryagin do not apply [6].

The development of necessary conditions for state constrained problems began in the

1960s with a paper by Berkovitz [32]. A flurry of papers by Bryson and his colleagues

followed [33, 34, 35, 36, 37, 38], in which much progress was made. The work also

established intimate connections with singular optimal control theory [39, 40]. One

of the main questions of the time was what multipliers could have discontinuities and

where. This was a question originating in Chapter 6 of Pontryagin’s book [6].

The work culminated in a new set of conditions found by Jacobson, Lele, and Speyer [41].

These conditions were shown to be “tighter” than conditions previously published.

Unfortunately, the conditions were not complete in the sense that the existence of

multipliers had been assumed – not proved. This issue was resolved under certain con-

straint qualifications in an unpublished paper by Maurer [42]. Shortly after, Kreindler

showed how one set of conditions related to the others.

The development of necessary conditions for optimal control problems with state

constraints is difficult to trace. A 1995 survey paper [5] summarizes the work and

points to Maurer [42] as the one establishing the results needed here. The conditions

can also be found in the book by Milyutin [43]. The purpose of this section is to state

the maximum principle with state constraints in a convenient form so that it can be

used in the next section to prove lossless convexification of the thrust constraint. A

generic optimal control problem with state constraints is

OCP (7)

min J = m(tf , x(tf )) +
∫ tf
t0
`(t, x(t), u(t)) dt

subj. to ẋ(t) = f(t, x(t), u(t)), x(t0) = x0

g(t, u(t)) ≤ 0, h(t, x(t)) ≤ 0

b(tf , x(tf )) = 0, c(tf , x(tf )) ≤ 0

The state trajectory x(·) belongs to the set of all absolutely continuous functions

such that x(t) ∈ Rdx . The control trajectory u(·) belongs to the set of all piecewise

continuous functions such that u(t) ∈ Rdu . The performance index is J with terminal

cost m : R×Rdx → R and running cost ` : R×Rdx×Rdu → R. The system dynamics

are described by the first order differential equation with f : R × Rdx × Rdu → Rdx .

The control is restricted pointwise by g : R× Rdu → Rdg , for which the following set
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notation is also used.

Ω(t) = {u(t) : g(t, u(t)) ≤ 0} (8)

The state is restricted to evolve in a subset of Rdx given by h : R × Rdx → Rdh ,

and the terminal point must satisfy the equality constraints b : R × Rdx → Rdb and

inequality constraints c : R× Rdx → Rdc .

To state a relatively simple maximum principle, a number of constraint qualifications

must be imposed on the problem. The details can be found in [5]. Also, it is assumed

that all of the functions above are continuously differentiable with respect to all

arguments and that the optimal solution contains a finite number of junction times.

Before stating the maximum principle, it is convenient to define the Hamiltonian,

Lagrangian, and endpoint functions as follows.

H(t, x(t), u(t), p0, p(t)) = p0`[t] + p(t)Tf [t]

L(t, x(t), u(t), p0, p(t), λ(t), ν(t)) = H[t] + λ(t)Tg[t] + ν(t)Th[t] (9)

G(tf , x(tf ), p0, ξ, µ) = p0m[tf ] + ξT b[tf ] + ζT c[tf ] + µTh[tf ]

The maximum principle with state constraints is below and is a statement of necessary

conditions for a state/control pair to be optimal.

Theorem 4.1 (Maximum Principle). If {x(·), u(·)} is an optimal pair on the interval

[t0, tf ] such that x(·) has a finite number of junction times, then there exist a constant

p0 ≤ 0, piecewise absolutely continuous p(·), piecewise continuous λ(·) and ν(·), vector

η(τi) for each point of discontinuity τi in p(·), and constants ξ and µ such that the

following conditions are satisfied:

i) the non-triviality condition

(p0, p(t), ν(t)) 6= 0 ∀t (10)

ii) the pointwise maximum condition

u(t) = arg max
ω∈Ω(t)

H(t, x(t), ω, p0, p(t)) (11)
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iii) the stationary condition

∂uL[t] = 0 (12)

iv) the differential equations

ẋ(t) = ∂pL[t]

−ṗ(t) = ∂xL[t] (13)

Ḣ[t] = ∂tL[t]

v) the complementary slackness conditions

g[t] ≤ 0, λ(t) ≤ 0, λ(t)Tg[t] = 0

h[t] ≤ 0, ν(t) ≤ 0, ν(t)Th[t] = 0

c[tf ] ≤ 0, ζ ≤ 0, ζT c[tf ] = 0

h[τi] ≤ 0, η(τi) ≤ 0, ηT (τi)h[τi] = 0

h[tf ] ≤ 0, µ ≤ 0, µTh[tf ] = 0

(14)

vi) the jump conditions

p(τ−i ) = p(τ+
i ) + ∂xh[τi]η(τi) ∀τi

H[τ−i ] = H[τ+
i ]− ∂th[τi]η(τi) ∀τi

(15)

vii) the prescribed boundary conditions

x(t0) = x0, b[tf ] = 0, c[tf ] ≤ 0 (16)

viii) the transversality conditions

p(tf ) = ∂xG[tf ]

−H[tf ] = ∂tG[tf ]
(17)

Conditions (10)-(13), (16), and (17) are familiar aspects from Pontryagin. The com-

plementary slackness conditions (14) are also familiar from finite-dimensional opti-

mization. A distinguishing result in the above theorem is (15): the jump conditions.

The conditions indicate that the multipliers and Hamiltonian can jump a finite num-
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ber of times, and that the jumps occur only in those components affected by the

gradient of the state constraint. This result is used in the next section to prove

lossless convexification.

The multipliers in the above theorem also retain some classical variational properties.

For example, when the problem is normal (p0 = −1) and differentiable, the multipliers

are related to the gradient of the cost function with respect to problem parameters.

Suppose that the constraint functions f , g, and h are embedded with parameters α,

β, and γ, respectively. Then, in the normal case, the Lagrangian can be rewritten as

`[t] = −L[t] + p(t)Tf [t;α] + λ(t)Tg[t; β] + ν(t)Th[t; γ] (18)

Differentiating with respect to the parameters gives

d`[t]

dα
= ∂αf [t;α] · p(t), d`[t]

dβ
= ∂βg[t; β] · λ(t),

d`[t]

dγ
= ∂γh[t; γ] · ν(t) (19)

In this context, the multipliers take on an important physical meaning as they rep-

resent how the cost changes as a function of problem parameters. Similar statements

can be made about the endpoint multipliers appearing in the function G[t]. This

topic is discussed further at the end of Section 8 in the context of finite-dimensional

optimization and the primal-dual algorithms for convex optimization.

5 Lossless Convexification of the Thrust Constraint

The purpose of this section is to prove a lossless convexification of the not convex

thrust constraint in Equation 5. The proposed relaxation is to replace Equation 5

with the two constraints

||T (t)|| ≤ Γ(t) and ρ1 ≤ Γ(t) ≤ ρ2 (20)

where Γ(t) is a scalar slack variable. The variable Γ(t) is also inserted into the mass

dynamics, but all other constraints are kept the same such that the only source of

non-convexity is the nonlinear dynamics. Geometrically, this relaxation is obtained

by pulling the annulus of Figure 2 out along the Γ direction. This is shown in Figure
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𝑇1 

𝑇2 

Γ 
𝜌1 𝜌2 

Figure 3: Relaxed thrust constraints.

The thrust constraints are now convex, however, optimal solutions of the relaxed

problem are not necessarily optimal solutions of the original problem. For example,

the control (T (t),Γ(t)) = (0, ρ1) is feasible in the relaxed problem, but T (t) = 0 is

not feasible in the original problem. The goal is to show that any optimal solution

satisfies ||T (t)|| = Γ(t), in which case, the relaxation is lossless, i.e., optimal solutions

of the relaxed problem are indeed optimal solutions of the original problem. In Figure

3, lossless convexification holds when the thrust is always on the boundary of the cone

shape.

The relaxed problem P1 is now stated. All of the constraints which are non-differentiable

in P0 are written in a form so that they are differentiable as required by the maximum

principle.

P1 (21)

min J = −w1r1(tf )− w2r2(tf )

subj. to ṙ(t) = v(t), r(t0) = r0, r3(tf ) = 0

v̇(t) = T (t)/m− g, v(t0) = v0, v(tf ) = 0

ṁ(t) = −αΓ(t), m(t0) = m0, mc ≤ m(tf )

v1(t) ≤ Va, −v1(t) ≤ Va, v2(t) ≤ Vb, −v2(t) ≤ Vb

||v(t)||2 ≤ V 2
c , ||T (t)||2 ≤ Γ2(t), ρ1 ≤ Γ(t) ≤ ρ2

The goal is to now prove lossless convexification. To synthesize the relaxed problem,
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the optimality conditions from Theorem 1 are listed below. The Hamiltonian is

H[t] = pr(t)
Tv(t) + pv(t)

T (T (t)/m(t)− g)− αpm(t)Γ(t) (22)

The Lagrangian is

L[t] = H[t] + λ1(t)(||T (t)||2 − Γ2(t)) + λ2(t)(ρ1 − Γ(t)) + λ3(t)(Γ− ρ2)

+ ν+
1 (t)(v1(t)− Va) + ν−1 (t)(−v1(t)− Va) (23)

+ ν+
2 (t)(v2(t)− Vb) + ν−2 (t)(−v2(t)− Vb) + ν3(t)(||v(t)||2 − V 2

c )

The endpoint function is

G[t] = −p0w1r1(tf )− p0w2r2(tf ) + ξr3r3(tf ) + ξTv v(tf )

+ ζm(mc −m(tf )) + µ+
1 (v1(tf )− Va) + µ−1 (−v1(tf )− Va) (24)

+ µ+
2 (v2(tf )− Vb) + µ−2 (−v2(tf )− Vb) + µ3(||v(tf )||2 − V 2

c )

The stationary conditions are

∂TL[t] = pv(t)/m(t) + 2λ1(t)T (t) = 0

∂ΓL[t] = −αpm(t)− 2λ1(t)Γ(t)− λ2(t) + λ3(t) = 0
(25)

The adjoint differential equations are

ṗr(t) = 0

ṗv(t) = −pr(t)− e1(ν+
1 (t)− ν−1 (t))− e2(ν+

2 (t)− ν−2 (t))− 2ν3(t)v(t) (26)

ṗm(t) = pv(t)
TT (t)/m2(t)

The complementary slackness conditions for the control constraints are

||T (t)||2 − Γ2(t) ≤ 0, λ1(t) ≤ 0, λ1(t)(||T (t)||2 − Γ2(t)) = 0

ρ1 − Γ(t) ≤ 0, λ2(t) ≤ 0, λ2(t)(ρ1 − Γ(t)) = 0 (27)

Γ(t)− ρ2 ≤ 0, λ3(t) ≤ 0, λ3(t)(Γ(t)− ρ2) = 0
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The complementary slackness conditions for the state constraints are

v1(t)− Va ≤ 0, ν+
1 (t) ≤ 0, ν+

1 (t)(v1(t)− Va) = 0

−v1(t)− Va ≤ 0, ν−1 (t) ≤ 0, ν−1 (t)(−v1(t)− Va) = 0

v2(t)− Vb ≤ 0, ν+
2 (t) ≤ 0, ν+

2 (t)(v2(t)− Vb) = 0 (28)

−v2(t)− Vb ≤ 0, ν−2 (t) ≤ 0, ν−2 (t)(−v2(t)− Vb) = 0

||v(t)||2 − V 2
c ≤ 0, ν3(t) ≤ 0, ν3(t)(||v(t)||2 − V 2

c ) = 0

The complementary slackness conditions at the final time are

mc −m(tf ) ≤ 0, ζm ≤ 0, ζm(mc −m(tf )) = 0

v1(tf )− Va ≤ 0, µ+
1 ≤ 0, µ+

1 (v1(tf )− Va) = 0

−v1(tf )− Va ≤ 0, µ−1 ≤ 0, µ−1 (−v1(tf )− Va) = 0

v2(tf )− Vb ≤ 0, µ+
2 ≤ 0, µ+

2 (v2(tf )− Vb) = 0

−v2(tf )− Vb ≤ 0, µ−2 ≤ 0, µ−2 (−v2(tf )− Vb) = 0

||v(tf )||2 − V 2
c ≤ 0, µ3 ≤ 0, µ3(||v(tf )||2 − V 2

c ) = 0

(29)

The transversality conditions are

pr(tf ) = −e1p0w1 − e2p0w2 + e3ξr3

pv(tf ) = ξv + e1(µ+
1 − µ−1 ) + e2(µ+

2 − µ−2 ) + 2µ3v(tf ) (30)

pm(tf ) = −ζm

Finally, because the final time is free and the Hamiltonian does not depend explicitly

on time, it is identically zero along the optimal path, i.e.,

H[t] = 0 ∀t (31)

With the optimality conditions clearly stated, the goal is to now show that any optimal

solution of P1 is also an optimal solution of P0. The following notation is used.

Definition 5.1. Define x(t) = (r(t), v(t),m(t)). The pair {x(·), T (·)} is feasible for

P0 if it satisfies all of the constraints in (6). The triple {x(·), T (·),Γ(·)} is feasible

for P1 if it satisfies all of the constraints in (21). Similarly, the pair and triple are
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optimal if they generate global minimum costs for P0 and P1, respectively. Finally,

J∗0 and J∗1 denote those global minimum costs.

Lemma 5.1. i) If {x(·), T (·)} is feasible for P0, then there exists a Γ(·) such that

{x(·), T (·),Γ(·)} is feasible for P1.

ii) If {x(·), T (·),Γ(·)} is feasible for P1 and ||T (t)|| = Γ(t), then {x(·), T (·)} is feasible

for P0.

Proof. i) Suppose that {x(·), T (·)} is feasible for P0. Define Γ(t) := ||T (t)||. It follows

that ρ1 ≤ Γ(t) ≤ ρ2, which implies that {x(·), T (·),Γ(·)} is feasible for P1.

ii) Suppose that {x(·), T (·),Γ(·)} is feasible for P1 and ||T (t)|| = Γ(t). Since ρ1 ≤
||T (t)|| ≤ ρ2, it follows that {x(·), T (·)} is feasible for P0.

Lemma 5.2. If {x(·), T (·),Γ(·)} is optimal for P1, then ||T (t)|| = Γ(t).

Proof. (by contradiction) Suppose that {x(·), T (·),Γ(·)} is optimal for P1 and there

exists a t where ||T (t)|| < Γ(t). Because T (·) and Γ(·) are piecewise continuous, there

exists an interval, [τ1, τ2] ⊂ [t0, tf ], where ||T (t)|| < Γ(t) ∀t ∈ [τ1, τ2]. The first of

the slackness conditions in Equation 27 implies that λ1(t) = 0, and it follows from

Equation 25 that pv(·) and its derivatives are zero on the interval. Solving for pr

using Equation 26 gives

pr = −e1(ν+
1 (t)− ν−1 (t))− e2(ν+

2 (t)− ν−2 (t))− 2ν3(t)v(t)

where the time dependence of pr has been dropped since it is constant, and it is

concluded that the ν’s are continuously differentiable. Computing p̈v(t) and pre-

multiplying with v̇(t)T gives

v̇(t)T p̈v(t) = −v̇(t)T e1(ν̇+
1 (t)− ν̇−1 (t))− v̇(t)T e2(ν̇+

2 (t)− ν̇−2 (t))

− 2ν̇3(t)v̇(t)Tv(t)− 2ν3(t)v̇(t)T v̇(t) = 0

Note that the first three terms on the right hand side are each zero. For example,

looking at the first term, if the the velocity constraint on v1 is inactive, then ν+
1 (t) =
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ν−1 (t) = ν̇+
1 (t) = ν̇−1 (t) = 0. If the constraint is active, then v1(t) = ±va and

v̇1(t) = 0. In either case, the term is zero. Similar arguments apply to the second

and third terms. Thus, the fourth term must also be zero, which implies that

ν3(t) = 0 or v̇(t) = 0

The remainder of the proof addresses these two cases.

Case 1. Suppose that ν3(t) = 0. Then pr(t) becomes

pr = −e1(ν+
1 (t)− ν−1 (t))− e2(ν+

2 (t)− ν−2 (t))

Since pr is constant, the values above can be equated with the transversality condi-

tions. Writing in component form gives

pr1 = −(ν+
1 − ν−1 ) = −w1p0

pr2 = −(ν+
2 − ν−2 ) = −w2p0

pr3 = ξr3 = 0

Because V 2
a +V 2

b > V 2
c by Assumption 1, the range and cross range velocity constraints

cannot be active simultaneously. For sake of argument, and without loss of generality,

suppose the range constraint is the inactive one such that ν+
1 = ν−1 = 0. It follows

immediately, since w1 and w2 are nonzero, that p0 = 0 and that ν+
2 = ν−2 = 0. Thus, it

has been shown that pv(t) = pr(t) = 0. Finally, because of the Hamiltonian condition

in Equation 31, it is true that pm(t) = 0. This violates the non-triviality condition

since

(p0, p(t), ν(t)) = 0

The case when ν3(t) = 0 has been ruled out.

Case 2. Suppose that v̇(t) = 0 and ν3(t) 6= 0. For this to be true, the thrust

acceleration must equal the gravitational acceleration, i.e., T (t) = m(t)g, which by

Assumption 2, satisfies ρ1 ≤ ||T (t)|| ≤ ρ2. The pointwise maximum condition reduces

to

max −αpm(t)Γ(t) (32)
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subject to ||T (t)|| ≤ Γ(t) and ρ1 ≤ Γ ≤ ρ2. If pm(t) > 0, it is clear that Γ(t) should

be made as small as possible, i.e., ||T (t)|| = Γ(t). It is now shown that pm(t) is indeed

positive. Equation 31 along with pv(t) = 0 gives

pTr v(t) = αpm(t)Γ(t)

Expanding the left hand side gives

pTr v(t) = −(ν+
1 (t)− ν−1 (t))v1(t)− (ν+

2 (t)− ν−2 (t))v2(t)− 2ν3(t)||v(t)||2

Note that ||v(t)|| = Vc, since otherwise ν3(t) = 0. Expanding the above equation

gives

pTr v(t) = −ν+
1 (t)v1(t) + ν−1 (t)v1(t)− ν+

2 (t)v2(t) + ν−2 (t)v2(t)− 2ν3(t)V 2
c

Each term on the right hand side is non-negative. For example, if v1(t) < Va, then

ν+
1 (t) = 0. If v1(t) = Va, then ν+

1 (t) ≤ 0 such that −ν+
1 (t)v1(t) ≥ 0. Similar

arguments hold for the other terms. Finally, because ν3(t) is strictly negative, the

right hand side is strictly positive. Thus, using Equation 32, pm(t) > 0 and ||T (t)|| =
Γ(t), which contradicts the original hypothesis.

Thus, the lemma has been established and {x(·), T (·),Γ(·)} being optimal for P1

implies ||T (t)|| = Γ(t).

The following theorem is the main result of this section. It states that optimal

solutions of P1 are optimal solutions of P0.

Theorem 5.1. If {x(·), T (·),Γ(·)} is optimal for P1, then {x(·), T (·)} is optimal for

P0.

Proof. Suppose that {x(·), T (·),Γ(·)} is optimal for P1. Lemma 2 implies that ||T (t)|| =
Γ(t). Lemma 1 implies that {x(·), T (·)} is feasible for P0. Because the optimal so-

lution of P1 is a feasible solution for P1, it must be that J∗0 ≤ J∗1 . Similarly, from

Lemma 1, feasible solutions for P0 define feasible solutions for P1. Thus, J∗1 ≤ J∗0 .

The two inequalities imply equality: J∗1 = J∗0 . Therefore, {x(·), T (·)} is optimal for

P0.
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The theorem is a statement of lossless convexification, and it is true because all

optimal solutions of P1 are on the boundary of the relaxed control set, i.e., ||T (t)|| =
Γ(t). The boundary of the relaxed set generates feasible controls for the original

problem, and hence, optimal controls for the original problem.

The fact that the controls are on the boundary is not surprising – in fact, the max-

imum principle says that an optimal control maximizes the Hamiltonian pointwise.

This is what motivated the relaxation moving from Figure 2 to Figure 3. A projection

of the optimal control set of P1 onto the T−plane (in Figure 3) coincides with the

feasible set of P0 (in Figure 2).

6 Transformation of Variables

After the control relaxation, the only source of non-convexity is the nonlinear equa-

tions of motion. A transformation of variables is made to rigorously linearize the

equations, but, unfortunately, this causes the control bounds to become time-varying

and not convex. These bounds are then approximated in a conservative sense so that

feasible solutions are still feasible in the original problem. The transformation is

σ(t) =
Γ(t)

m(t)
, u(t) =

T (t)

m(t)
, z(t) = ln(m(t)) (33)

which is well-defined since the mass is strictly positive. This leads to the linearized

equations of motion

ṙ(t) = v(t)

v̇(t) = u(t) + g (34)

ż(t) = −ασ(t)

The relaxed thrust constraints in Equation 20 become

||u(t)|| ≤ σ(t) (35a)

ρ1e
−z(t) ≤ σ(t) ≤ ρ2e

−z(t) (35b)
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The inequality in Equation 35a is convex. The left inequality in Equation 35b de-

fines a convex region, but the right inequality does not. Further, even though the

lower constraint is convex, it does not fit within the structure of a second-order cone

problem. For this reason, it is approximated as a quadratic constraint using a Tay-

lor series. The upper constraint is approximated as a linear constraint so that it is

convex. The Taylor series approximation is based on the reference trajectory

zr(t) =

ln(m0 − αρ2t) 0 ≤ t ≤ (m0 −mc)/(αρ2)

ln(mc) otherwise
(36)

which is a lower bound on z(t) at time t. The function zr(t) must be chosen as a

lower bound in order to guarantee that the approximation is conservative. Then the

approximation of Equation 35b is

ρ1e
−zr(t)

[
1− (z(t)− zr(t)) +

1

2
(z(t)− zr(t))2

]
≤ σ(t) (37)

≤ ρ2e
−zr(t) [1− (z(t)− zr(t))]

This leads to the statement of the convex problem P2. It is emphasized that this

problem is not equivalent to problems P0 and P1 due to the conservative approxi-

mations just made. It is true however that this problem is convex and its optimal

solutions are feasible solutions to P0 and P1.

P2 (38)

min J = −w1r1(tf )− w2r2(tf )

subj. to ṙ(t) = v(t), r(t0) = r0, r3(tf ) = 0

v̇(t) = u(t)− g, v(t0) = v0, v(tf ) = 0

ż(t) = −ασ(t), z(t0) = ln(m0), ln(mc) ≤ z(tf )

v1(t) ≤ Va, −v1(t) ≤ Va, v2(t) ≤ Vb, −v2(t) ≤ Vb

||v(t)||2 ≤ V 2
c , ||u(t)||2 ≤ σ2(t)

ρ1e
−zr(t)

[
1− (z(t)− zr(t)) + 1

2
(z(t)− zr(t))2

]
≤ σ(t)

σ(t) ≤ ρ2e
−zr(t) [1− (z(t)− zr(t))]
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This convex optimal control problem is the focus of the next section where it is

discretized and converted to a finite-dimensional optimization problem.

7 Solution Method

In this section, problem P2 is discretized so that it becomes a finite-dimensional

SOCP, and the numerical solution method is described. The discretization is done

by dividing the time domain into equal length intervals and imposing the constraints

of P2 at the node times. Since all of the constraints are linear or second-order cone

constraints, the resulting finite-dimensional problem is a SOCP.

For any closed time interval [0, tf ] and time step T , the temporal nodes are given by

tk = (k − 1)T, k = 1, . . . , N + 1 (39)

where tf = NT and N is the number of subintervals. The dynamics in P2 are linear

and time invariant so that they can be converted to discrete form using standard

techniques. For example, after combining states r, v, and z into one state vector ξ

and the controls u and σ into one control vector η, the dynamics are

ξ̇(t) = Φξ(t) + Θη(t) + Ψ (40)

where Ψ is the constant gravitational acceleration vector adapted to the new notation.

Using a zero-order hold on the controls, the system equations can be written in

discrete form as

ξ[k + 1] = Φ̂ξ[k] + Θ̂η[k] + Ψ̂, k = 1, . . . N (41)

where Φ̂, Θ̂, and Ψ̂ are defined in a standard way [44]. Once the dynamics have been

discretized in this way, the other constraints are enforced at the temporal nodes, e.g.,

the control magnitude constraint is written as ||u[k]||2 ≤ σ2[k] for all k = 1, . . . , N .

Upon completing this step, the problem P2 is discretized.

For a given final time, the SOCP can be solving using any of the standard algorithms,

e.g., [29, 30]. However, in the problem statement, the final time is free. Because the
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thrust magnitude and final mass cannot fall below critical values, an upper bound on

the final time can be determined. Thus, the problem reduces to a one-dimensional

search on a bounded interval for the final time that gives the best performance.

The one-dimensional search can be carried out using bisection, golden section, or a

grid search. This aspect of the solution method is common amongst the previously

published convexification results [1].

8 Results

The convexification and solution method are now tested in a specific landing scenario

using CVX [29, 30]. The initial conditions are set for a nominal landing (c.f. [2]),

at which point it is decided to perform a maximum divert maneuver. The boundary

conditions are

r(0) = [2000, 500, 1500] m, r3(tf ) = 0 m

v(0) = [−25, −10, −20] m/s, v(tf ) = [0, 0, 0] m/s (42)

m(0) = 1905 kg, m(tf ) ≥ 1505 kg

The initial conditions are fixed. The final range and cross range are free; however, the

final altitude, velocities, and mass must satisfy constraints. The planet of interest is

Mars, and the constant acceleration vector due to gravity is g = [0, 0, −3.71] m/s2.

The state constraints and thrust constants are

|v1(t)| ≤ 45 m/s, ρ1 = 4972 N

|v2(t)| ≤ 45 m/s, ρ2 = 13260 N (43)

||v(t)|| ≤ 50 m/s, α = 4.53× 10−4 s/m

Note that the range rate and cross range rate constraint magnitudes do not have to

be equal, and Assumption 1 is satisfied.

To illustrate different landing scenarios, three sets of weights have been chosen. Re-

sults are illustrated in Figure 4.
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Figure 4: Comparison of trajectories using different weights (left) and speed profiles

(right).

In the first scenario, the goal is to land near the middle of the second quadrant using

the weights w1 = −1 and w2 = 1. In the second scenario, the goal is to push the

trajectory ‘upward’ using the weights w1 = −1 and w2 = 10. In the third scenario,

the goal is to push the trajectory ‘downward’ using the weights w1 = −10 and w2 = 1.

To show that the different state constraints become active in the different scenarios,

plots of the range rate and cross range rate are shown in Figure 5.
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Figure 5: Comparison of range rate (left) and cross range rate (right).

Finally, to illustrate that the thrust constraints are also satisfied, the thrust magnitude

is plotted in Figure 6 for the first scenario where w1 = −1 and w2 = 1. The horizontal

dashed lines that bound the thrust correspond to ρ1 and ρ2. It is evident that the

constraint is in fact satisfied.
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Figure 6: Thrust magnitude.

The interval where the thrust is not at the upper boundary corresponds to a state

boundary arc where the velocity constraints are active. The fact that this interme-

diate thrust is admissible follows from Assumption 2 relating the magnitude of the

gravitational acceleration and the thrust bounds. Results for the other two scenarios

are similar.

Figure 7 shows the mass profile and three-dimensional trajectory. The mass decreases

to the dry mass of the vehicle. This is expected since the goal is to maximize the

distance traveled. If mass were left over, the vehicle could have traveled further. The

second plot shows that the state trajectory is physically reasonable and realizable.
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Figure 7: Mass profile (left) and Three-dimensional trajectory (right).

Optimal control and optimization problems are generally sensitive to changes in pa-

rameters. For this reason, shooting methods, which solve a two-point boundary value

problem by guessing the initial multipliers, have small domains of convergence mak-
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ing optimal control problems difficult to solve. Studies of sensitivity with respect to

a parameter have been carried out [45] similar to that in Equation 19.

Likewise, it can be shown that the multipliers in finite-dimensional optimization prob-

lems represent local sensitivities of the cost with respect to changes in parameters

and constraint perturbations when strong duality holds [46]. Because of this, interior

point methods, which solve the primal and dual problems, can be used for a post-

optimization sensitivity analysis [47]. This can be very important in applications

where the environment is uncertain – such as landing on a distant planet. In this

light, a brief analysis is provided where the initial conditions, dry mass, and velocity

constraints are perturbed. See Figure 8.
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Figure 8: Perturbed initial conditions (left) and final conditions (right).

Figure 8 shows the distribution of initial conditions in the range and cross range plane

along with the one, two, and three sigma ellipses. Each point in the left figure cor-

responds to a point in the right figure, which shows the final range and cross range.

All 100 of the cases successfully converged yielding feasible and optimal trajectories.

These results suggest that while the solution may be sensitive to changes in param-

eters, the solution process and convexification are not. Interior point methods are

robust with strong convergence results.

9 Conclusions

This paper presented a solution method to the problem of maximum divert and

soft landing on a planet. The method is based on a lossless convexification of an

25



optimal control problem and solving a second-order cone problem. Convergence is

guaranteed in polynomial time whenever a feasible solution exists. Because of the

convergence guarantees and ongoing research in custom convex optimization, the

method has potential for onboard implementation. The particular application is of

interest in landing, divert, and flight test scenarios. The method is also well suited

for missions with complex constraints since they can now be incorporated naturally

into the optimization problem.
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