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Abstract

This paper presents a method to solve the minimum time rendezvous prob-

lem of multiple spacecraft using differential drag. The problem is to rendezvous

any number of vehicles using only the relative aerodynamic drag between the

vehicles. Each vehicle is equipped with drag plates that can be opened or closed

thus modulating the drag force acting on the vehicle. By actuating the drag

plates, the aerodynamic drag becomes the control used to accomplish the ren-

dezvous. The optimal control problem is relaxed to a convex problem, and it

is proved that a solution of the relaxed problem exists that is also a solution of

the original problem. This process is called lossless convexification, and it leads

to a solution method based on solving a finite number of linear programming

problems. This method offers guaranteed convergence to the global minimum

in polynomial time and does not require an initial guess. Two examples are

solved with two and five vehicles, respectively, and the results are compared

with existing technologies. Because the method is fast and globally convergent,

it is well suited for real-time use onboard a vehicle.

1 Introduction

This paper presents a method to solve the minimum time rendezvous problem of

multiple spacecraft using differential drag. The method is based on a lossless convex-

ification of the control set and solving a fixed number of linear programming problems.
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Hence, convergence to the global minimum is guaranteed in polynomial time using

interior point methods [1, 2, 3]. The problem is to rendezvous any number of chaser

spacecraft with a single target spacecraft in low earth orbit (LEO) using only the

relative aerodynamic drag between the chaser and target vehicles. Attached to each

spacecraft are drag plates that can be deployed or not. It is the actuation of these

plates that generates the relative aerodynamic drag. The objective is to minimize the

total time to achieve rendezvous.

There are a number of reasons to use differential drag as a control in formation

flight [4]. First, fuel savings are possible since thrust is not used or used only for

corrections. Second, plumes and jet firings may be harmful to other spacecraft in

the vicinity. Third, and generally speaking, the use of thrust requires more compli-

cated mechanical systems and so the system hardware can be simplified. Interest

in rendezvous using differential drag is evident in the work of the Canadian and

Japanese Space Agencies and Israel Aerospace Industries [5, 6]. Convex optimization

for rendezvous and proximity operations has also been introduced recently by Lu and

Liu [7].

Leonard et al. [4] studied the problem of station keeping using differential drag and

used the Hill-Clohessy-Wiltshire equations [8] to describe the relative motion. They

introduced a transformation that separated the equations of motion into that of a

double integrator and a harmonic oscillator coupled only through the control. It is

important to note that optimal strategies for the decoupled systems are well under-

stood [9], but a general analysis for the coupled system remains an open problem. In

the end, Leonard et al. developed an analytical, sub-optimal control law.

Bevilacqua and Romano [10] studied the problem of rendezvous using differential

drag and used the Schweighart-Sedwick equations [11] to describe the relative motion.

These equations are of the same form as the Hill-Clohessy-Wiltshire equations, but

they include an averaged J2 effect more suitable for maneuvers that occur over several

periods. They also developed an analytical, sub-optimal control law for two vehicles.

The approach was then extended to the rendezvous of multiple vehicles by sequentially

applying the two-vehicle control law. Bevilacqua et al. [12] also solved the problem

by using a combination of differential drag and thrust for the final approach.

The literature mentioned so far has focused strictly on the rendezvous problem, and
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has largely ignored the additional collision avoidance problem. Bevilacqua et al. [12]

do suggest a heuristic solution to the problem. Collision avoidance has been addressed

more formally elsewhere [13, 14, 15], but the problem is ignored here for simplicity.

For the data and simulations in this paper, it is observed that collisions do not occur.

The purpose of this paper is to solve the minimum time rendezvous of multiple space-

craft. It is assumed that the relative motion of each chaser with respect to the target

is accurately described by the Schweigart-Sedwick equations. The equations are then

simplified through two transformations. At this point, the optimization problem is

most naturally solved as a mixed integer nonlinear programming (MINLP) problem

because the feasible control set is {−1, 0} and the final time is free. Such problems

are generally difficult to solve, and for this reason, the control set is relaxed from

{−1, 0} to [−1, 0], i.e., from a non-convex point set to a convex interval. Feasible

controls for the relaxed problem are not necessarily feasible for the original problem;

but, it is shown that a minimum time control of the relaxed problem exists that is

also a minimum time control of the original problem. In the literature, this is called

lossless convexification [16]. Typical proofs of lossless convexification hinge on the

non-existence of singular controls. Singular controls do exist in the current prob-

lem, however 1) it is shown that singular controls that are bang-bang exist and 2) a

constructive procedure for converting non-bang-bang singular controls to bang-bang

controls is given. These points make the work a unique contribution.

After convexification, the problem can then be solved as a nonlinear programming

(NLP) problem. However, for a given final time, the problem of finding the opti-

mal control reduces to a linear programming (LP) problem. When a feasible solution

exists, LPs can be solved with guaranteed convergence to the global minimum in poly-

nomial time [2, 3]. If a feasible solution does not exist, the program returns infeasible

in polynomial time. Thus, the problem reduces to a one-dimensional search for the

least final time so that the program returns a feasible answer. Upon completion, some

controls will be singular, and so the procedure mentioned above is implemented to

make all singular controls be bang-bang controls. The same line search could have

been used to convert the MINLP problem to a sequence of integer linear program-

ming (ILP) problems, thus avoiding the need for convexification. However, ILPs do

not share the polynomial time convergence rate and are generally NP-hard [17]. This

issue is explored briefly in Section 6 where numerical results are obtained and com-
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pared with other methods. The comparison clearly illustrates the significance of the

convexification and LP solution method.

The idea of lossless convexification was introduced by the second author to solve the

powered descent landing problem on Mars [18]. In that problem, the vehicle is to

land safely, minimize fuel consumption, and respect a number of constraints such as

thrust pointing, glide slope, and thrust magnitude constraints. The thrust magnitude

constraint is a non-convex control constraint, and lossless convexification is proved

by augmenting the control set with a slack variable. Lossless convexification has also

been used to solve a prioritized optimal control problem whereby a minimum landing

error solution is found when a feasible solution to the original problem does not ex-

ist [19]. More general convexification results also exist for different non-convex control

constraints and nonlinearities [16, 20]. Current work along these lines is focused on

lossless convexification for optimal control problems with linear and quadratic state

constraints [21, 22]. Algorithms derived from these works were implemented and

tested onboard a vehicle in 2012 [23]. The results presented here are the first for

optimal control problems whose control set is a non-convex, point set.

The LP method developed here is programmed for two generic LP solvers and a

custom solver. It has been shown recently by Mattingley and Boyd [24] that LP

problems can be solved two to three orders of magnitude faster using custom code than

with standard algorithms. Such significant speed ups are not evident here, but the

customized code does out perform all other optimizers tested. Hence, the combination

of 1) lossless convexification and 2) the custom LP method enables onboard, real-time

optimization with global convergence properties and fast computation times.

The structure of the paper is as follows. Some brief notation is introduced in Sec-

tion 2. Section 3 introduces the dynamic model, appropriate physical assumptions,

and transformations to convenient coordinates. This is followed by a discussion of

the optimal control problem, control relaxation, and proof of lossless convexification

in Section 4. This section also includes results on the existence of singular and non-

singular controls. The solution method is described in Section 5. This includes the

discretization, line search, and conversion to bang-bang controls. Section 6 presents

results for data taken from the literature and makes comparisons with several other

approaches for the rendezvous of two vehicles. Results are then presented for the
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rendezvous of five vehicles, and comparisons with other works are made. Finally,

conclusions are drawn in Section 7.

2 Notation

The following is a partial list of notation used throughout the paper. Vector quantities

are denoted with a bold symbol x. The ith scalar component of vector x is denoted

as xi. If a vector has been formed by concatenating several vectors, the ith vector

component is denoted as xi. The inner product of two vectors x and y is denoted by

〈x,y〉, which in the context of this paper is equivalent to xTy. A condition is said

to hold almost everywhere in the interval [a, b] if the set of points in [a, b] where the

condition fails belongs to a set of measure zero. The partial derivative of a scalar

function f(x) with respect to x is denoted ∂xf(x) and is a column vector. The total

time derivative of a function is denoted with a dot, e.g., ẋ.

3 Dynamic Model

The Schweighart-Sedwick equations [11] describe the linearized relative motion of two

generic spacecraft in a local vertical local horizontal frame. In deriving the equations,

it is assumed that the reference orbit is circular, the spacecraft are close to each other

compared to their orbital radius, and the only forces acting on the spacecraft are

gravity and aerodynamic drag. The gravity force is composed of a two-body effect

and an averaged effect of the J2 perturbation over one orbit. The aerodynamic drag

appears as part of the control term since it is the primary mechanism for maneuvering

the spacecraft [12]. The equations are
ż1(t)

ż2(t)

ż3(t)

ż4(t)

 =


0 1 0 0

b 0 0 a

0 0 0 1

0 −a 0 0



z1(t)

z2(t)

z3(t)

z4(t)

 +


0

0

0

aD

 [u(t)− u0(t)] (1)
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The origin of the frame is located at the target spacecraft. The coordinates z1 and z2

are the relative position and velocity in the vertical or radial direction. The coordi-

nates z3 and z4 are the relative position and velocity in the horizontal or tangential

direction. The positive constants a and b are associated with a particular reference

path about which the motion was linearized.

The constant aD is the magnitude of acceleration associated with opening the drag

panels.

aD = 1
2
βρrV

2
r (2)

The air density associated with the reference orbit is ρr. The speed associated with

a spacecraft in the reference orbit is Vr, and β is the differential ballistic coefficient

between the spacecraft when one vehicle has the drag plates deployed and the other

does not. In the calculation of drag, it is assumed that the air density is constant

throughout the maneuver and that the speeds of the spacecraft are reasonably ap-

proximated as their reference orbital speed. The assumptions are reasonable since

motion about the reference is expected to be small. The control of the chaser space-

craft is u, and the control of the target spacecraft is u0. At a given time, each control

can take values in the set {−1, 0} corresponding to the cases where the drag plates

are deployed or not. It follows that the effective control, ue(t) = u(t) − u0(t), can

only take one of three values at a given time.

1. If the drag plates on the chaser are deployed and the drag plates on the target

are not, then ue(t) = −1.

2. If the drag plates on the target are deployed and the drag plates on the chaser

are not, then ue(t) = +1.

3. If the drag plates on both spacecraft are in the same position, then ue(t) = 0.

The system matrix in Eq. 1 is defective so that it cannot be diagonalized. Nonethe-

less, the system can be reduced to a double integrator and harmonic oscillator by

a similarity transform. The columns of the transformation matrix P consist of the
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generalized eigenvectors of the system matrix. After defining ω2 = a2 − b,

P =


0 −a 0 −1/a

0 0 ω2/a 0

b 0 1 0

0 b 0 1

 (3)

The new states are given by y(t) = P−1z(t). Differentiating and substituting for ż(t)

gives 
ẏ1(t)

ẏ2(t)

ẏ3(t)

ẏ4(t)

 =


0 1 0 0

0 0 0 0

0 0 0 1

0 0 −ω2 0



y1(t)

y2(t)

y3(t)

y4(t)

 +


0

−aD/ω2

0

a2aD/ω
2

 [u(t)− u0(t)] (4)

It is now obvious that the first two states form a double integrator, the last two

states form a harmonic oscillator, and the two are coupled by the control variables.

For convenience, one more transformation is introduced.

Q =
ω2

aD


−1 0 0 0

0 −1 0 0

0 0 ω/a2 0

0 0 0 1/a2

 (5)

The final states are given by x(t) = Qy(t). Differentiating and substituting for ẏ(t)

gives 
ẋ1(t)

ẋ2(t)

ẋ3(t)

ẋ4(t)

 =


0 1 0 0

0 0 0 0

0 0 0 ω

0 0 −ω 0



x1(t)

x2(t)

x3(t)

x4(t)

 +


0

1

0

1

 [u(t)− u0(t)] (6)

This system of differential equations describes the relative motion of one chaser with

respect to the target spacecraft. Henceforth, the system matrix in Eq. 6 is labeled

as A and the control influence matrix is labeled as B.

In these transformed coordinates, the motion of each state can be simply understood

by studying the phase plane. Figure 1 shows the x1-x2 phase plane. The solid curves

represent paths of constant effective control ue(t) = −1. The dashed curves represent
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paths of constant effective control ue(t) = +1. Paths for zero effective control are not

shown, but are horizontal lines. The arrows indicate the direction of motion.

−6 −4 −2 0 2 4 6

−6

−4

−2

0

2

4

6

x1(t)

x
2
(t
)

Figure 1: x1-x2 phase plane.

Figure 2 shows the ωx3- ωx4 phase plane. The solid circles centered at (−1, 0) rep-

resent paths of constant effective control ue(t) = −1. The dashed circles centered

at (+1, 0) represent paths of constant effective control ue(t) = +1. Paths for zero

effective control are not shown, but are circles centered at the origin. The arrows

indicate that all motion occurs in a clockwise direction.
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−2
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Figure 2: ωx3-ωx4 phase plane.

Now considering the case where there areM chasers, the motion of each chaser relative
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to the target is again given by Eq. 6, which is written below using vector notation.

ẋi(t) = Axi(t) +Bui(t)−Bu0(t), ∀i = 1, . . .M (7)

The subscript i indicates that the equation describes the motion of the ith chaser

relative to the target. It is evident that each chaser is coupled to the others by the

target control u0. Thus the motion of the entire system, including all M + 1 vehicles,

must be considered as a whole. Upon defining the matrices

A =


A

A
. . .

A

 and B =


−B B

−B 0 B
...

. . .

−B 0 0 B

 (8)

the motion of the entire system can be described by using the new, augmented state

vector x := [xT1 , . . . ,x
T
M ]T , which satisfies the dynamics ẋ(t) = Ax(t) + Bu(t). This

system will be of primary concern in the upcoming theoretical developments. In

developing results for the special case of only one chaser, it will be made clear that

the results hold only when M = 1.

4 Optimal Control

This section begins with a statement of a general optimal control problem and ap-

propriate minimum principle in Subsection 4.1. This is followed by a statement of

the minimum time problem and analysis of its solution in the special case where the

dynamics are decoupled in Subsection 4.2. Although this does not lead to a general

solution method, it does provide insight into the problem and gives a conservative

estimate on the minimum time for the coupled problem. Then, a relaxed problem

that is convex is stated in Subsection 4.3. A number of important facts about the

relaxed problem are stated and proved, and it is shown that a solution of the relaxed

problem exists that is also a solution of the original problem.
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4.1 Minimum Principle

A general optimal control problem is

min J = m[tf ,x(tf )] +
∫ tf
t0
`[t,x(t),u(t)] dt (9a)

subj. to ẋ(t) = f [t,x(t),u(t)], x(t0) = x0 (9b)

u(t) ∈ Ω (9c)

b[tf ,x(tf )] = 0 (9d)

The state trajectory x(·) belongs to the set of all absolutely continuous functions

such that x(t) ∈ Rn. The control trajectory u(·) belongs to the set of all measurable

functions such that u(t) ∈ Ω ⊂ Rm where Ω is fixed and compact. The performance

index is J with terminal cost m : R×Rn → R and running cost ` : R×Rn×Rm → R.

It is assumed that m is continuously differentiable with respect to both arguments.

It is assumed that ` is continuous in all arguments and continuously differentiable

with respect to the first two. The system dynamics are described by the first order

differential equation with f : R×Rn×Rm → Rn where f satisfies the same conditions

as `. The terminal constraint is given by b : R × Rn → Rγ. It is assumed that b

is continuously differentiable with respect to both arguments and that the gradients

are linearly independent.

Before proceeding to the minimum principle, it is convenient to define the Hamiltonian

H[t,x(t),u(t),p(t), p0] = p0`[t,x(t),u(t)] + 〈p(t), f [t,x(t),u(t)]〉 (10)

Henceforth, the explicit listing of the functional arguments is foregone when it will not

lead to confusion. The following is a statement of the minimum principle originally

due to Pontryagin [25].

Theorem 1 (Minimum Principle). Let {x(·),u(·)} be an optimal pair on the interval

[t0, tf ]. Then there exist a p0 ≥ 0, an absolutely continuous p(·), and a constant ξ

such that the following conditions are satisfied:

i) the non-triviality condition

[p0,p(t)] 6= 0 ∀t ∈ [t0, tf ] (11)
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ii) the pointwise minimum condition

u(t) = arg min
ω∈Ω

H[t,x(t),ω,p(t), p0] a.e. t ∈ [t0, tf ] (12)

iii) the differential equations

ẋ(t) = ∂pH[t]

−ṗ(t) = ∂xH[t] a.e. t ∈ [t0, tf ] (13)

Ḣ(t) = ∂tH[t]

iv) the prescribed boundary conditions

x(t0) = x0, b[tf ,x(tf )] = 0 (14)

v) the transversality conditions

p(tf ) = p0∂xm[tf ] + ∂xb[tf ]ξ (15)

−H[tf ] = p0∂tm[tf ] + ∂tb[tf ]ξ (16)

4.2 Original Problem and Analysis

With the necessary conditions for optimality stated in Theorem 1, attention is turned

to the specific problem of interest. Considering the system equations in the previous

section, a formal statement of the minimum time rendezvous problem is below.

min J =
∫ tf
t0

1 dt (P1)

subj. to ẋ(t) = Ax(t) + Bu(t)

x(t0) = x0, x(tf ) = 0

ui(t) ∈ {−1, 0} ∀i = 0, . . . ,M

A full analysis for the minimum time transfer to the origin is currently unavailable,

but a number of important facts are still known [9]. The discussion begins by setting

M = 1 and considering the uncoupled double integrator and harmonic oscillator – for

which a complete analysis is possible. For the double integrator system, the minimum
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time control consists of at most one switch. Figure 3 shows the switch curve in the

x1-x2 plane. If the state initially lies below the switch curve, the optimal strategy

is to apply ue(t) = +1 until the state intersects the switch curve, and then switch

to ue(t) = −1 until the state reaches the origin. If the state initially lies above the

switch curve, the optimal strategy is to apply ue(t) = −1 and then ue(t) = +1.

−4 −2 0 2 4

−4

−2

0

2

4

x1(t)

x
2
(t
)

Figure 3: Double integrator switch curve.

Analyzing the harmonic oscillator is more difficult since the number of switches cannot

be bounded a priori. Figure 4 shows the switch curve in the ωx3-ωx4 plane. If the

state lies below the switch curve, the optimal strategy is to apply ue(t) = +1 until

the state intersects the switch curve, and then switch to ue(t) = −1. If the state

lies above the switch curve, the optimal strategy is to apply ue(t) = −1 and then

ue(t) = +1. This process repeats until the state reaches the origin.
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Figure 4: Harmonic oscillator switch curve.

Solving the double integrator and harmonic oscillator systems simultaneously can be

done for some sets of initial conditions, but a general analysis is unavailable. It follows

that a general analysis for M > 1 is also unavailable. Though we cannot continue in

an analytical fashion, the above results play an important role in the solution method

described in the next section.

4.3 Relaxed Problem and Lossless Convexification

Note that the control set in problem P1 is not convex, which introduces numerical

challenges. At the risk of introducing infeasible solutions, the control set is relaxed

from {−1, 0} to [−1, 0], and a new problem is formulated.

min J =
∫ tf
t0

1 dt (P2)

subj. to ẋ(t) = Ax(t) + Bu(t)

x(t0) = x0, x(tf ) = 0

ui(t) ∈ [−1, 0] ∀i = 0, . . . ,M
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The Hamiltonian and canonical equations for the relaxed problem P2 are

H(t) = p0 + 〈p(t),Ax(t)〉+ 〈p(t),Bu(t)〉

ẋ(t) = Ax(t) + Bu(t) (17)

−ṗ(t) = ATp(t)

The switching functions are ϕi(t) = 〈p(t),Bi〉 so that the optimal controls are given

by

ui(t) =


−1, ϕi(t) > 0

0, ϕi(t) < 0

singular, ϕi(t) = 0

(18)

The aim of the remainder of this section is to prove that an optimal solution of the

relaxed problem P2 exists that is also an optimal solution of the original problem P1.

The reason for doing so is that relaxed problem P2 is convex, and when a feasible

solution exists, it can be solved numerically with guaranteed convergence to the global

minimum in polynomial time.

The following definitions regarding the optimal control fix some nomenclature used

throughout the rest of the paper.

Definition 1. A control ui(t) is a bang-bang control if it only takes values of -1 and

0.

Definition 2. A control ui(t) is a non-singular control if the switching function ϕi(t)

is non-zero for almost every t.

Remark 1. It follows from these definitions and Eq. 18 that a non-singular control

is a bang-bang control.

Definition 3. A control ui(t) is a singular control if the switching function ϕi(t) is

zero for almost every t.

Remark 2. For relaxed problem P2, if a control is non-singular (singular) on any

interval, then it is non-singular (singular) on [t0, tf ]. This follows from the fact that

the switching functions are independent of the state and control trajectories.

It is obvious that non-singular solutions for the relaxed problem P2 are feasible solu-

tions for the original problem P1. However, it is shown that when M > 1, singular
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solutions must exist for the relaxed problem P2. Thus, solutions for the relaxed

problem P2 are not necessarily feasible for the original problem P1. Below, several

lemmas and proofs are given to help synthesize the optimal control problem, and the

bang-bang principle due to LaSalle [26] is invoked to prove that bang-bang singular

controls exist. In light of this fact, the section culminates with Theorem 2 stating

that an optimal solution of the relaxed problem P2 exists that is an optimal solution

of the original problem P1.

The next two lemmas assert the existence of a minimum time control and the existence

of a non-trivial adjoint.

Lemma 1. If a feasible control exists, then a minimum time control exists.

Proof. See Pontryagin et al. [25].

Lemma 2. The adjoint p(t) is never zero.

Proof. Conditions 13 and 16 of Theorem 1 imply that the Hamiltonian is identically

zero. It follows that if p(t) = 0, then p0 = 0. This violates the non-triviality condition

11. Thus, p(t) is non-zero for every t ∈ [t0, tf ].

The next four lemmas assess several important controllability criterion of the linear

system. It is first shown in Lemma 3 that the (A,B) and (A,B) pairs are controllable.

It is then shown in Lemma 4 that upon removing any control from the system, the

linear system is still controllable. Finally, in Lemma 5, it is shown that the linear

system is normal when M = 1 and not normal when M > 1, which is used in Lemma

6 to prove existence of singular and non-singular controls.

Lemma 3. The (A,B) and (A,B) pairs are controllable.

Proof. The determinant of the controllability matrix is

det(C) = det([B AB A2B A3B]) = ω5 6= 0 (19)

Thus, the controllability matrix is full rank, rank(C) = 4, and the (A,B) pair is

controllable. Define the matrix C̃ = [B AB . . . A4M−1B], for which rank(C̃) = 4
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since the (A,B) pair is controllable. The controllability matrix for the (A,B) pair is

then

C =


−C̃ C̃

−C̃ 0 C̃
...

. . .

−C̃ 0 0 C̃

 (20)

It is obvious that the M blocks of rows are linearly independent. Thus, the control-

lability matrix is full rank, rank(C) = 4M , and the (A,B) pair is controllable.

Definition 4. The control influence matrix with the jth column removed is denoted

B∼j. The corresponding controllability matrix is denoted C∼j.

Lemma 4. Upon removing any control variable, the (A,B∼j) pair is controllable.

Proof. Denote the jth block of columns as Cj. Any block of columns can be written

as a linear combination of the others, i.e.,

Cj = −
M+1∑
i=1
i 6=j

Ci (21)

Thus, the controllability matrix with the jth block of columns removed, C∼j, is full

rank,

rank(C∼j) = rank(C) = 4M (22)

It follows that upon removing any control variable, the (A,B∼j) pair remains con-

trollable.

Definition 5. The linear system is normal if the (A,Bj) pair is controllable for all

j. That is, A is controllable with every column of B.

Lemma 5. The linear system is normal when M = 1. The linear system is not

normal when M > 1.

Proof. It is easy to see that rank(Cj) = 4. Thus, only when M = 1 is rank(Cj) =

4M ∀j. It follows that the linear system is normal when M = 1, and the linear

system is not normal when M > 1.
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Lemma 6. Singular controls cannot exist when M = 1, at least one singular control

must exist when M > 1, and at least two controls are bang-bang.

Proof. A necessary and sufficient condition for the non-existence of singular controls

is that the linear system be normal [9]. In light of Lemma 5, singular controls cannot

exist when M = 1, and at least one singular control must exist when M > 1. By

Lemmas 2 and 3, CTp(t) 6= 0 ∀t ∈ [t0, tf ]. Suppose that all controls are singular.

Then ϕj(t) = 0 a.e. t ∈ [t0, tf ] for all j. Differentiating each switching function

4M − 1 times implies that CTj p(t) = 0 a.e. t ∈ [t0, tf ] for all j. By contradiction, and

Remark 2, there exists at least one j such that ϕj(t) 6= 0 a.e. t ∈ [t0, tf ], i.e., at least

one control is bang-bang. Upon removing the jth column, the matrix C∼j remains full

rank (see Lemma 4). Applying the same logic as before, at least one more control is

bang-bang. It follows that at least two controls are bang-bang.

Existing proofs of lossless convexification hinge on proving the non-existence of singu-

lar controls. The proof here is complicated by the fact that singular controls do exist

when M > 1, and hence, not all extremal controls for relaxed problem P2 are feasible

controls for the original problem P1. The bang-bang principle due to LaSalle [26]

helps resolve this issue.

Lemma 7. If a minimum time control exists, then a minimum time control that is

bang-bang exists.

Proof. See LaSalle [26].

Remark 3. A consequence of Lemma 7 is that a minimum time control for relaxed

problem P2 exists that is also a feasible solution for original problem P1. This leads

to the following theorem.

Theorem 2 (Lossless Convexification). A minimum time control of relaxed problem

P2 exists that is also a minimum time control for the original problem P1.

Proof. Let F1 and F2 denote the set of feasible control trajectories for problems

P1 and P2, respectively. Let G1 and G2 denote the set of globally optimal control

trajectories for problems P1 and P2, respectively. Finally, let J∗1 and J∗2 denote the
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cost associated with G1 and G2, respectively. Since F1 ⊂ F2, J∗2 ≤ J∗1 . Lemma 7

implies that L = F1 ∩ G2 is non-empty. Since the cost of every trajectory in L is J∗2

and L ⊂ F1, it must be that J∗1 ≤ J∗2 . The two inequalities imply J∗1 = J∗2 . Thus,

every trajectory in L is in G1, i.e., L ⊂ G1. That is, an optimal solution of P2 exists

that is also an optimal solution for P1.

Thus, it has been proved that the relaxation is lossless. The crux of the proof is

Lemma 7, which unfortunately is not constructive, i.e., although it states that bang-

bang controls exist, it does not indicate how to remove non-bang-bang singular con-

trols from the solution and replace them with bang-bang singular controls. This is

the subject of the next section.

5 Solution Method

This section describes the solution method to solve the relaxed minimum time problem

P2. It consists of 1) discretizing the continuous differential equations, 2) solving a

sequence of LPs as part of a one-dimensional search for the final time, and 3) replacing

non-bang-bang controls with bang-bang controls. Step 3 is not required if M = 1

since singular controls do not exist in that case according to Lemma 6. Emphasis is

placed on the third step since the first two steps are straight forward, and the third

is a unique contribution of this paper to the literature.

5.1 Discretization, Linear Programming, and One-dimensional

Search

For simplicity, the differential equations are discretized using a zero-order hold on the

control [27]. It is assumed that each time interval has a fixed length T so that the

final time is given by tf = NT where N is the number of intervals. Defining

Φ = eAT and Γ =

∫ T

0

eAτB dτ (23)
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the system equations can be written in discrete form as

x[k + 1] = Φx[k] + Γu[k], k = 0, . . . N − 1 (24)

For a given final time, the final state is

x[N ] = ΦNx[0] +
N−1∑
k=0

ΦN−1−kΓu[k] (25)

Upon setting the final state to zero, Eq. 25 provides a set of equality constraints that

any feasible control must satisfy. Additionally, any feasible control must also satisfy

the inequalities associated with the control set stated in the relaxed problem P2.

ui[k] ≥ −1 and ui[k] ≤ 0 ∀i = 0, . . . ,M (26)

Both equality and inequality constraints are linear in the control. For a given N , the

search for a feasible control is an LP problem. If N is less than the optimal N , the

program returns “infeasible” since no solution exists. If N is greater than or equal

to the optimal N , the program returns “feasible”. Thus, the problem reduces to a

one-dimensional search for the least N so that the program returns “feasible.” In

light of the lemmas of the previous section, it is known that such an N exists.

There are a number of ways to perform a one-dimensional search for the optimal N

– one of which is bisection. As described by [28], the bisection method needs a lower

bound. Minimum time solutions of the decoupled double integrator and harmonic

oscillator provide non-zero lower bounds. These can be computed analytically as

described in Section 4. Once a lower bound on N is established, the bisection method

increments N until the linear program returns “feasible.” At this point, the interval

is repeatedly halved until its length is smaller than T . At this point, the minimum

N has been achieved to a desired accuracy.

5.2 Elimination of Non-bang-bang Controls

When M = 1, all controls are bang-bang. When M > 1, according to Lemma 6, at

least one control is singular and at least two controls are bang-bang. A constructive
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procedure for replacing non-bang-bang singular controls with bang-bang controls is

now described. The procedure is first described in words. Then, the specific steps of

the procedure are enumerated for precision. The first step is to solve the optimization

problem as described above. According to Lemma 6, at least one control will be

singular and at least two controls will be bang-bang. Removing one of the system

equations associated with a bang-bang control eliminates one of the control variables

from the problem. Upon solving this reduced system with the other bang-bang control

as a known function of time, Lemma 4 guarantees that at least one more control will

be made bang-bang. This process of repeatedly reducing the system equations and

obtaining a bang-bang control is continued until all controls are bang-bang. Precise

statement of the procedure is below.

1. Define I = {1, . . . ,M}.

2. Solve the optimization problem considering all systems ẋi ∀i ∈ I (see Eq. 7).

3. Obtain at least two bang-bang controls, u∗α and u∗β, and the minimum time, t∗f .

NOTE: The two bang-bang controls do not need to be specified a priori. They

are a product of optimization in Step 2.

4. Update I. I = I − {β}. Define γ = α.

5. Solve the optimization problem considering systems ẋi,∀i ∈ I with u∗γ a known

function of time.

6. Obtain at least one bang-bang control, u′α, and a final time, t′α ≤ t∗f .

7. Define

u∗α =

u′α, t ∈ [t0, t
′
α]

u∗γ, t ∈ (t′α, t
∗
f ]
. (27)

8. Update I. I = I − {γ}. Define γ = α.

9. If I = {}, end. Else, go to Step 5.

Upon completing the procedure, all controls are bang-bang and the problem is solved.
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A brief comment is in order on why an equation can be removed each time. As

an example, consider the case where there are two spacecraft, and let u∗1 and u∗2 be

the two bang-bang controls associated with the minimum time t∗f . Upon defining

ξ = x2 − x1, the system equations become

ẋ1(t) = Ax1(t) +B[u∗1(t)− u0(t)] (28)

ξ̇(t) = Aξ(t) +B[u∗2(t)− u∗1(t)] (29)

Thus, the ξ dynamics are completely determined by the two bang-bang controls.

Eliminating this system leaves only the x1 system. Solving the optimization problem

with u∗1 as a known function of time gives u′0, which is bang-bang, and a new final

time t′0 ≤ t∗f . The optimal control u′0 can be extended to t∗f as in Step 7 above. But

this has no effect on the ξ system. Thus, it is possible to remove the x2 system as

described above. This generalizes to the case for arbitrary M .

6 Results

The method is first tested with M = 1 (one target and one chaser) using the following

constants and initial conditions taken from the literature [10].

a = 8.24 1/hr

b = 50.90 1/hr2 (30)

aD = 0.59 km/hr2

z(0) = [−0.53 km, 0.25 km/hr,−0.48 km, 3.31 km/hr]

The integration step size was set at T = 3 minutes. The linear programs were solved

using the custom LP code CVXGEN [24], and the one-dimensional search converged

in 4 iterations. The flight time is 4.09 hours. With this flight time and step size,

the number of intervals is N = 82. Figure 5 shows the x1-x2 phase plane. The three

switches are obvious, and the segments associated with positive and negative controls

resemble that described earlier in Figure 1.

Figure 6 shows the ωx3-ωx4 phase plane. The three switches are not so obvious
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Figure 5: x1-x2 phase plane.
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Figure 6: x3-x4 phase plane.

here. The trajectory first completes the circle on the right, moves to the bottom

left, redirects upward, and then moves to the origin along a circular arc. The fact

that the trajectory circles the points (±1, 0) resembles the motion described earlier

in Figure 2.

Figure 7 shows the control history for the target, u0(t), and Figure 8 shows the control

history for the chaser, u1(t). Each control switches three times between 0 and −1.
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Figure 7: Control history for the target spacecraft.

0 1 2 3 4

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

t

u
1
(t
)

Figure 8: Control history for the chaser spacecraft.

To help place these results in context with existing technologies, the custom LP solver

is compared with an analytical sub-optimal approach [10], two generic LP solvers

(Matlab’s Linprog and Gurobi [29]), and three nonlinear programming (NLP) ap-

proaches: 1) Matlab’s Fmincon using Hermite-Simpson discretization [30], 2) DIDO [31]

and 3) GPOPS [32]. All of the optimization approaches solved the relaxed convex

problem for fair comparison. The NLP approaches were initiated with the same initial

guess and had 30 nodes, which is significantly less than that used in the LP methods,

but 30 is the maximum allowed in DIDO.

The motivation for comparison is to show that: 1) Convexification itself is an enabler

for other solution methods as well. 2) The LP solution method developed in Section 5
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offers speed and convergence improvements over other methods. 3) The custom LP

solver offers speed advantages over generic solvers. 4) The custom LP method is well

suited for real-time use. The results of the comparison are summarized in Table 1

below. All computations were performed on a Windows 7 laptop with an Intel Core

i3-370M processor.

Table 1: Comparison of methods.

Comp. Time (s) Flight Time (hr) Switches Guarantee

Analytical 0 5.47 5 yes

Custom LP 0.006 4.09 3 yes

Gurobi LP 0.031 4.09 3 yes

Linprog 0.283 4.09 3 yes

Fmincon 1.32 4.09 3 no

DIDO 1.73 4.09 3 no

GPOPS 1.87 4.09 3 no

The first and second columns show the computation time and final time. The third

column shows the number of control switches. The fourth column shows whether

or not convergence is guaranteed in polynomial time. Compared to the generic LP

solvers, the custom LP solver is fastest being about five times faster than Gurobi

and 45 times faster than Linprog. Compared to Fmincon, DIDO, and GPOPS, the

custom LP solver runs about 200 times faster. Note, however, that the NLP methods

are sensitive to the initial guess, number of nodes, etc., making a rigorous comparison

difficult. The computation times in Table 1 are average values of 10 trials. Compared

to the analytical approach, the flight time is reduced by more than an hour at the

expense of about 0.006 seconds of computation. Recall that the custom LP method is

only available because of lossless convexification proved in Section 4 and the solution

method developed in Section 5.

Next, the method is tested with M = 4 (one target and four chasers). Again, all of
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the data is from the literature [10]. The initial conditions are

z1(0) = [−0.53 km, 0.25 km/hr,−0.48 km, 3.31 km/hr]

z2(0) = [0.53 km, 0.25 km/hr,−0.48 km,−3.31 km/hr] (31)

z3(0) = [0.38 km, 0.25 km/hr,−0.38 km,−2.30 km/hr]

z4(0) = [0.28 km, 0.25 km/hr, 0.44 km,−1.69 km/hr]

The one-dimensional search plus elimination of non-bang-bang controls required 33

iterations in 0.029 seconds for the custom LP solver. The flight time is 8.55 hours.

The method is not compared with the other approaches since the computation time is

still less than that reported for the other solvers with only two spacecraft. Compared

to the analytical approach, the final time reduces by about ten hours from 18.16

hours to 8.55 hours. The control histories for the target and four chasers appear in

Figures 9-13 of the Appendix to show that the non-bang-bang controls have been

eliminated and all controls belong to the original set {−1, 0}. In both examples, it

was observed that no collisions occurred.

As mentioned in the Introduction, the same line search used to convert the NLP to

a sequence of LP problems can be used to convert the MINLP to a sequence of ILP

problems, thus rendering the convexification unnecessary. However, ILP problems do

not enjoy the polynomial time convergence rate and are generally NP-hard [17]. The

two vehicle example provided above was tested with Gurobi’s integer programming

solver [29]. The line search converged in four iterations with a computation time of

0.278 seconds – approximately 45 times slower than the custom LP method. The five

vehicle example was also tested; it failed to complete one iteration of the line search

within five minutes. Table 2 summarizes these results.

Table 2: Comparison of methods.

Two Vehicle Five Vehicle

Comp. Time (s) Comp. Time (s)

Custom LP 0.006 0.029

Gurobi ILP 0.278 ¿ 5 min
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6.1 Discussion of Results

It is interesting that the line search converged in four iterations in the two vehicle

example and 33 iterations in the five vehicle example. The primary reason for the

increase is that steps five through eight of the algorithm described in Section 5 are

unnecessary in the two vehicle example. In the five vehicle example, these particular

steps are not only necessary, but they are repeated three times in the elimination of

the non-bang-bang controls. In fact, in the five vehicle example, the first five iterations

solve the optimization problem and the next 28 replace non-bang-bang controls with

bang-bang controls. Nonetheless, the general convergence properties of the algorithm

are not affected by the increase in vehicles, i.e., the guaranteed, polynomial time

convergence is derived from the fact that a finite number of linear programs must be

solved – not from the special case of there being two vehicles.

As a brief note, an example with 12 vehicles was also tested. The problem was solved

in 138 iterations in about two tenths of a second. In all examples, a fine step size

of T = 3 minutes was used. The reason for this is that a lower bound on the time

between control switches does not exist. It can be shown through the optimal control

analysis of Section 4 that the optimal solution contains a finite number of switches,

but any two switches can occur arbitrarily fast. This fact could be a weakness of the

solution method, or any numerical method, for that matter.

7 Conclusions

It is concluded that the theory of lossless convexification offers practical, computa-

tional advantages since it has enabled a number of optimization routines to perform

more efficiently. Also, the combination of 1) lossless convexification and 2) a custom

LP method has enabled onboard, real-time optimization for rendezvous using differ-

ential drag since the method has global convergence and fast computation times.
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Appendix: Multiple Vehicle Control Histories
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Figure 9: Target spacecraft control u0(t).
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Figure 10: Chaser spacecraft control u1(t).
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Figure 11: Chaser spacecraft control u2(t).
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Figure 12: Chaser spacecraft control u3(t).
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Figure 13: Chaser spacecraft control u4(t).
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