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Abstract

With the lunar ascent in mind, the minimum-time trajectory of a constant-

thrust rocket transferring from one point to another in the neighborhood of a

spherical body is solved in the local vertical local horizontal reference frame.

It is also assumed that the transfer is quasi-planar and that the thrust pitch

and yaw angles are small. The solution of the resulting two-point boundary

value problem involves modified thrust integrals and requires three quadratures

and one iteration. A result of this solution is that a variable multiplier can

be assumed constant, leading to an analytical solution (without quadrature

and without iteration) in terms of the well known thrust integrals. These are

new solutions for the constant-thrust, minimum-time transfer problem over

a spherical moon. Both solutions are tested in a sample and hold guidance

scheme. First, the out-of-plane initial conditions are set to zero. The planar

results show that both solutions satisfy the final conditions, consume the same

mass, and use approximately the same thrust pitch angle history. Second,

to test out-of-plane performance, the out-of-plane initial conditions are made

non-zero. The results are similar. Because the second solution is analytical, it

merits further consideration as an onboard guidance algorithm.
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1 Introduction

In the lunar ascent problem, the constant-thrust vehicle is launched from the surface

of the moon and ascends to an orbit insertion point defined by a specified velocity

vector and altitude. After a vertical launch and pitchover, it is expected that the

thrust pitch and yaw angles will be small. In spite of disturbances and perturbations,

it is also expected that the ascent trajectory will stay close to the great circle plane

defined by the launch point and the insertion point (quasi-planar flight). For constant

thrust, the minimum-time and minimum-fuel problems are the same.

For launch vehicles, two successful guidance laws have been the Iterative Guidance

Mode (IGM) used on Saturn [1,2] and Powered Explicit Guidance (PEG) used on the

Shuttle [3-6]. Because PEG is the most recent and because it is a possible contender

for lunar descent and ascent guidance [7], it is used for comparison purposes.

In the development of the control law for PEG [3], flight over a spherical earth is

assumed initially with the inverse square gravity law replaced by the linear gravity

law, and the minimum-fuel control law is derived. However, additional assumptions

are made, including the flat earth approximation, to obtain the PEG control law.

Next, the small thrust angles (pitch and yaw) are assumed, and the solution of the

problem is continued with the evaluation of the thrust integrals and determination

of time to go. In PEG, the solution for the time to go is iterative. Next, the gravity

integrals are evaluated analytically assuming a third order integrator and motion

along a circular orbit. In [4], the small thrust angle assumption is improved by

including some higher-order terms, leading to more thrust integrals. Also, the gravity

integrals are evaluated using the gravity vector along a neighboring orbit. In [5], the

small thrust angles assumption is removed from PEG. To do so, several integrals

must be evaluated whose analytical formulas were unknown to the author of [5].

To evaluate these integrals, the thrust acceleration is approximated by a quadratic

function of time. Even then, the evaluation of the integrals is somewhat involved.

This quadratic approximation can be removed from PEG by using analytical formulas

for the integrals. These integrals were originally derived in a company report [8] which

was unknown to the creators of PEG and others. They have been published in [9] and

more recently in [10]. With these integrals, PEG can be made a little less complicated

and, hence, a little faster.
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A problem with papers like [3] and [4] is that general problems are posed at the

beginning of the paper, and approximations are made throughout the paper. In the

end, it is not known just what problem has been solved. In this paper, all of the

approximations are stated at the beginning of the paper and the resulting problem

is solved completely. As a result of the solution, an approximation becomes evident,

and its use simplifies the solution.

It is being said that, with the substantial increase in computer speed and storage,

analytical solutions are no longer necessary. The authors could not disagree more

with this attitude. Analytical solutions simplify the coding, reduce the storage, and

increase the speed of computation. In addition, when a problem occurs, the tendency

will be to find an ad hoc numerical solution rather than working on an analytical

solution.

Further discussion of control laws based on the flat moon assumption is presented

in [10]. The following discussion is for a spherical moon. In [11], the minimum-fuel,

constant-thrust trajectory is obtained for flight in a vacuum over a non-rotating,

spherical earth. The equations of motion are written relative to an inertial frame

attached to the center of the earth. It is assumed that the gravity vector is a known

function of time, requiring an estimate of the position vector of the rocket versus

time. The solution is said to be valid only for short thrust arcs. In [12], a term linear

in the radius vector is added to the time-dependent gravity term of [11]. While this

leads to an analytical solution, the linear gravity term seems to cause the acceleration

of gravity to increase with altitude. However, the magnitude of the position vector

from the center of the earth does not change much along a launch trajectory.

The purpose of this paper is to derive the minimum-time trajectory for a constant-

thrust rocket transfer over a non-rotating, spherical moon and to use it to develop

a sample and hold guidance scheme for lunar ascent. The equations of motion are

written relative to the local vertical local horizontal (LVLH) reference frame. This

is an appropriate coordinate system because the flat moon model comes from it by

assuming low altitudes and low velocities. While the low altitude assumption is valid,

the low speed assumption is not. Hence, the appropriate velocity terms are kept in

this work. It is assumed that the trajectory is almost planar, that the the ratio of

the altitude to the radius of the moon is negligible with respect to one, and that
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the thrust angles (pitch and yaw) are small. Because of the altitude assumption, the

magnitude of acceleration of gravity is constant, but its direction is not. Also, it is the

intent of this paper to seek a solution of the minimum-time rocket transfer problem

that does not involve any iterations.

In Sec. II, the LVLH equations of motion are simplified to represent quasi-planar

flight in the neighborhood of the moon with small thrust pitch and yaw angles. Next,

the optimal control problem of minimizing the time to transfer a constant-thrust

rocket from one point to another is developed in Sec. III, and the corresponding two-

point boundary value problem (TPBVP) is derived. Then, in Sec. IV, the solution

of the TPBVP is derived. The optimal trajectory is calculated for a typical lunar

ascent. Next, it is recognized that a variable Lagrange multiplier is nearly equal to

one. Hence, in Sec. V, an approximate solution is obtained, which is completely

analytical. In Sec. VI, these two control laws are used to form sample and hold

guidance schemes for lunar ascent. Results for each guidance law are computed for

a typical launch vehicle. The guidance results are compared with those developed

in [10] for a flat moon with gravity updates that account for increasing centrifugal

acceleration.

2 Equations of Motion

The equations of motion for a vehicle in three-dimensional flight over a non-rotating,

spherical moon are written in the local vertical local horizontal reference frame shown

in Fig. 1. The quantities x and y are the in-plane curvilinear distance and altitude;

u and v are the in-plane horizontal and vertical velocity components; and z and w

are the out-of-plane curvilinear distance and velocity components. The equations of

motion are given by

ẋ = rmu/r, u̇ = τ cos θ cosψ + (uw/r) tan(z/rm)− uv/r

ẏ = v, v̇ = τ sin θ − g + u2/r + w2/r (1)

ż = rmw/r, ẇ = τ cos θ sinψ − (u2/r) tan(z/rm)− vw/r.
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Figure 1: Flight over a Spherical Moon

The radius is r = rm + y where rm is the radius of the moon; µm is the gravitational

constant of the moon; and g = µm/r
2 is the acceleration of gravity. Also, τ is the

thrust to mass ratio T/m; θ is the thrust pitch angle; and ψ is the thrust yaw angle.

For operation at constant thrust, T = βVe where β is the constant propellant mass

flow rate and Ve is the constant exhaust velocity. Hence, the mass equation can be

integrated to obtain m = m0−βt (t0 = 0) so that the mass equation can be eliminated

from the problem. Thus, τ = −Ve/(t− α) with α = m0/β.

The lunar ascent trajectory from the lunar surface to orbit consists of vertical rise,

constant rate pitchover, and optimal guidance phases. It is preferred that the trajec-

tory lie in the great circle plane containing the launch point and the orbit insertion

point. However, small deviations from the plane will occur because of perturbations

in gravity and vehicle performance. Because the out-of-plane motion is small, the

trajectory is called quasi-planar.

Various assumptions can be made to simplify the equations of motion. First, it is

observed that y/rm << 1 so that r ≈ rm and g ≈ µm/r
2
m := gm. Second, the out-of-

plane components z and w are assumed to be sufficiently small that terms involving

z/rm and w/rm can be neglected. Third, for typical launch trajectories, it can be

shown that uv/rm << T/m (.1 << 10) so that the last term in the u̇ equation can

be neglected. The resulting approximate equations of motion are for quasi-planar
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ascent over a spherical moon and are given by

ẋ = u, u̇ = τ cos θ cosψ

ẏ = v, v̇ = τ sin θ − gm + u2/rm (2)

ż = w, ẇ = τ cos θ sinψ.

3 Optimal Control Problem

For constant thrust, the problem of minimizing fuel consumption is the same as mini-

mizing flight time. Hence, the optimal control problem is to minimize the performance

index

J = tf (3)

subject to the differential constraints (2) and subject to the prescribed boundary

conditions. The initial time is zero, and all of the initial states are specified. The

final time is free, and all of the final states are specified (denoted by subscript s)

except for the downrange, xf , which is free.

Solution of the optimal control problem [13] begins with the formation of the Hamil-

tonian and the endpoint function

H = λ1u+ λ2v + λ3w + λ4τ cos θ cosψ

+λ5(τ sin θ − gm + u2/rm) + λ6τ cos θ sinψ

G = tf + ν2(yf − yfs) + ν3(zf − zfs) + ν4(uf − ufs)
+ν5(vf − vfs) + ν6(wf − wfs).

(4)

The differential equations for the multipliers are derived from the condition λ̇ = −HT
x

and are given by

λ̇1 = 0, λ̇2 = 0, λ̇3 = 0

λ̇4 = −2λ5u/rm, λ̇5 = −λ2, λ̇6 = −λ3.
(5)
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With the exception of λ4, these equations can be integrated to obtain

λ1 = Const, λ2 = Const, λ3 = Const

λ5 = −λ2t+ C2, λ6 = −λ3t+ C3

(6)

where C2 and C3 denote constants of integration.

Because of the boundary conditions λf = GT
xf

and Hf = −Gtf , it is seen that λ1 = 0

and that Hf = −1. However, it is shown later that Hf = −1 is not needed to obtain

the optimal control.

The optimal controls are obtained from the condition HT
u = 0 which leads to

Hθ = −λ4τ sin θ cosψ + λ5τ cos θ − λ6τ sin θ sinψ = 0

Hψ = −λ4τ cos θ sinψ + λ6τ cos θ cosψ = 0.
(7)

From the latter, it is seen that

λ4 tanψ − λ6 = 0 (8)

so the former can be rewritten as

(λ4 cosψ + λ6 sinψ) tan θ − λ5 = 0. (9)

The solution of these equations involves a sign ambiguity that can be resolved by

applying the Legendre-Clebsch condition or equivalently

Hθθ ≥ 0, Hψψ ≥ 0, HθθHψψ −H2
θψ ≥ 0. (10)

Consequently, if it is assumed that cos θ > 0, which is logical for ascent, the optimal

thrust yaw angle is given by

sinψ =
−λ6√
λ2

4 + λ2
6

, cosψ =
−λ4√
λ2

4 + λ2
6

(11)
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and the optimal thrust pitch angle becomes

sin θ =
−λ5√

λ2
4 + λ2

5 + λ2
6

, cos θ =

√
λ2

4 + λ2
6√

λ2
4 + λ2

5 + λ2
6

. (12)

It is known [10] that both thrust angles are small for lunar ascent so that a zeroth-

order approximation (sinφ ≈ φ, cosφ ≈ 1) is reasonable. Note that cosψ is expected

to be positive so that λ4 must be negative, and
√
λ2

4 = −λ4. Hence, the equations

for the controls can be rewritten as

sinψ = λ6/λ4√
1+(λ6/λ4)2

, cosψ = 1√
1+(λ6/λ4)2

sin θ = λ5/λ4√
1+(λ5/λ4)2+(λ6/λ4)2

, cos θ =

√
1+(λ6/λ4)2√

1+(λ5/λ4)2+(λ6/λ4)2

(13)

indicating that the small angle approximations are

(λ6/λ4)2 << 1, (λ5/λ4)2 << 1. (14)

Finally, after the small angle assumptions are made, the controls are given by

sinψ = λ6/λ4, cosψ = 1, sin θ = λ5/λ4, cos θ = 1. (15)

Next, the state equations are combined with the control and multiplier equations to

obtain the following differential equations for a two-point boundary value problem

(TPBVP):

ẋ = u, u̇ = τ

ẏ = v, v̇ = τ [(−λ2t+ C2)/λ4]− gm + u2/rm (16)

ż = w, ẇ = τ [(−λ3t+ C3)/λ4]

λ̇4 = −2(−λ2t+ C2)u/rm.
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4 Solution of the TPBVP

The solution process begins by integrating the u̇, ẋ, and λ̇4 equations. The results

for u and x are given by

u = u0 − Ve ln(1− t/α) (17)

x = x0 + u0t+ Ve(α− t) ln(1− t/α). (18)

Then, with u from Eq. (17), the λ̇4 equation leads to

λ4 = C1 − (2u0/rm)(−λ2t
2/2 + C2t)

− (Veλ2/(2rm)[2(t2 − α2) ln(1− t/α)− 2αt− t2]

− (2VeC2/rm)[(α− t) ln(1− t/α)− t]
(19)

where α = m0/β and C1 is the initial value (t0 = 0) of λ4.

At this point, it is seen that the unknowns λ2, C2, λ3, C3 can be divided by C1, and

the need for the final condition Hf = −1 is eliminated. Division by C1 is denoted by

an over bar. Hence, Eq. (19) becomes

λ̄4 = 1− (2u0/rm)(−λ̄2t
2/2 + C̄2t)

− (Veλ̄2/(2rm)[2(t2 − α2) ln(1− t/α)− 2αt− t2]

− (2VeC̄2/rm)[(α− t) ln(1− t/α)− t],
(20)

where λ̄4 is a function of t, λ̄2, C̄2 The remaining equations of motion are rewritten as

ẏ = v, v̇ = τ(λ̄5/λ̄4)− gm + [u0 − Ve ln(1− t/α)]2/rm

ż = w, ẇ = τ(λ̄6/λ̄4)
(21)

where

λ̄5 = −λ̄2t+ C̄2, λ̄6 = −λ̄3t+ C̄3. (22)

Solution of the v̇ and ẏ equations involves the first and second integrals of τ which

lead to the modified thrust integrals J ′(tf , λ̄2, C̄2), L′(tf , λ̄2, C̄2), Q′(tf , λ̄2, C̄2), and

S ′(tf , λ̄2, C̄2) (Appendix A). Also needed are the first and second integrals of the

centrifugal acceleration u2/rm. These integrals, denoted F (tf ) and G(tf ), can be
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obtained analytically by substituting the already known u from Eq. (17) (Appendix

B). Then, the v and y equations become

v = −v0 − λ̄2Ĵ
′ + C̄2L̂

′ − gmt+ F̂

y = −y0 + v0t− λ̄2Q̂
′ + C̄2Ŝ

′ − gmt2/2 + Ĝ,
(23)

where the over hat denotes the corresponding integral evaluated at t instead of tf .

Similarly, the ẇ and ż equations can be integrated to obtain

w = w0 − λ̄3Ĵ
′ + C̄3L̂

′

z = z0 + w0t− λ̄3Q̂
′ + C̄3Ŝ

′.
(24)

At this point, the prescribed boundary conditions are applied to obtain the equations

to be solved for the unknown constants tf , λ̄2, C̄2, λ̄3, C̄3 using the definitions

Vx = uf − u0

Vy = vf − v0 + gmtf − F, Y = yf − y0 − v0tf + gmt
2
f/2−G

Vz = wf − w0, Z = zf − z0 − w0tf .

(25)

First, Eq. (17) applied at the final time can be solved for tf as

tf = α[1− exp(−Vx/Ve)]. (26)

Then, Eq. (23) can be rewritten as

Vy = −λ̄2J
′(tf , λ̄2, C̄2) + C̄2L

′(tf , λ̄2, C̄2)

Y = −λ̄2Q
′(tf , λ̄2, C̄2) + C̄2S

′(tf , λ̄2, C̄2).
(27)

For known values of Vy and Y , these equations can be solved iteratively for λ̄2 and

C̄2. Finally, Eq. (24) can be applied at tf and solved analytically for λ̄3 and C̄3 as

λ̄3 = (VzS
′ − ZL′)/(L′Q′ − J ′S ′)

C̄3 = (VzQ
′ − ZJ ′)/(L′Q′ − J ′S ′).

(28)

In conclusion, there are only two implicit equations to be solved to obtain the five

unknowns.
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Finally, the approximate optimal controls are obtained from Eq. (13) as

sinψ = (−λ̄2t+ C̄2)/λ̄4, cosψ = 1

sin θ = (−λ̄3t+ C̄3)/λ̄4, cos θ = 1.
(29)

However, in a simulation, the controls should be calculated as in Eq. (13) with a bar

over each multiplier. This ensures that sine squared plus cosine squared equals one.

The optimal trajectory has been calculated for the vehicle and the boundary condi-

tions in Sec. VI. Because the out-of-plane boundary conditions are zero, the optimal

trajectory is planar. The results for states are shown in Figs. 2–5 and are similar to

published results. The thrust pitch angle is shown in Fig. 6. It satisfies the small

angle assumption within 10%. Finally, λ̄4 is presented in Fig. 7 for later use.

5 Approximate Solution

From Fig. 7, it is seen that λ̄4 is very nearly equal to one, so that an approximate

solution with λ̄4 = 1 is possible. The effect of this assumption is that the modified

thrust integrals become the standard thrust integrals which are functions of the final

time only. Hence, the equations to be solved for the unknown constants become the
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following:

Vx = L

Vy = −λ̄2J + C̄2L, Y = −λ̄2Q+ C̄2S

Vz = −λ̄3J + C3L Z = −λ̄3Q+ C̄3S.

(30)

The Vx equation can be solved for the final time

tf = α[1− exp(−Vx/Ve)] (31)

as before. Given tf , the thrust integrals are known so that the Vy and Y equations

can be solved for λ̄2 and C̄2 as follows:

λ̄2 = (VyS − Y L)/(LQ− JS)

C̄2 = (VyQ− Y J)/(LQ− JS).
(32)

Finally, the Vz and Z equations can be solved for λ̄3 and C̄3, that is,

λ̄3 = (VzS − ZL)/(LQ− JS)

C̄3 = (VzQ− ZJ)/(LQ− JS).
(33)

Note that the solution is completely analytical in that no quadratures or iterations

are necessary.
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With λ̄4 = 1, the optimal controls are obtained from Eq. (13) as

sinψ = λ̄6√
1+λ̄26

, cosψ = 1√
1+λ̄26

sin θ = λ̄5√
1+λ̄25+λ̄26

, cos θ =

√
1+λ̄26√

1+λ̄25+λ̄26
.

(34)

The optimal trajectory has been computed for the data of Sec. VI. The results are

sufficiently close to those of Figs. 2–6 that it is does not help to plot them. The

reason is that λ̄4 of Fig. 7 is very close to λ̄4 = 1, which is the value for this problem.

The approximate solution can also be obtained by assuming in Eq. (2) that the

centrifugal acceleration u2/rm is a known function of time by using Eq. (17) and

solving a new optimal control problem. The solution leads to λ̄4 = 1 and the equations

of this section.

6 Guidance Results

Each optimal control law is applied to the guidance of a lunar ascent vehicle in a

sample and hold scheme. At each sample time, the minimum time control to orbit

insertion is calculated, and the control is held constant over the sample period. The

integration step size is 5 s, and the sample period is 10 s.

The simulation is for flight over a spherical moon with radius, gravitational acceler-

ation at the surface, and gravitational constant

rm = 5.702 · 106 ft (1.738 · 106 m)

gm = 5.312 ft/s2 (1.619 m/s2)

µm = 1.727 · 1014 ft3/s2 (4.890 · 1012 m3/s2).

(35)

The vehicle is characterized by the following thrust magnitude, propellant mass flow

rate, and launch mass:

T = 13, 500 lb (60, 030 N)

β = 1.31 slugs/s (19.11 kg/s)

m0 = 1200 slugs (17, 510 kg).

(36)
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The launch conditions are

t0 = 0

x0 = 0, y0 = 0, z0 = 0

u0 = 0, v0 = 0, w0 = 0.

(37)

In general, the launch consists of a vertical rise followed by a constant-rate pitchover

followed by a guided phase. Here, the guided phase is assumed to start at the surface

of the moon. If the vertical rise and pitchover had been included, the thrust pitch

angle would be smaller than what is calculated. The final conditions are those for

insertion to the perilune of an elliptic transfer orbit and are given by

tf is free

xf is free, yf = 50, 000 ft (15, 240 m), zf = 0

uf = 5330 ft/s (1, 625 m/s), vf = 0, wf = 0.

(38)

Results are presented for both the exact control law (Sec. IV) and the approximate

control law (Sec. V). For the exact control law, initial values must be guessed for λ̄2

and C̄2. At launch, the initial guesses are [10]

λ̄2 = .002, C̄2 = .08. (39)

During ascent, the guesses at each sample time are taken to be the converged values at

the previous sample time. It is assumed that the states are known exactly. The only

error in simulation is due to holding the controls constant over the sample period.

The results in Table 1 are for the launch conditions (37) and orbit insertion conditions

(38). Because the out-of-plane boundary conditions are zero, the trajectory is planar

and ψ = 0. Table 1 shows the mass, thrust pitch angle, and thrust yaw angle versus

time for the exact and approximate controls. Both guidance laws satisfy the final

conditions, consume the same mass, and use approximately the same thrust pitch

angle history.

To test out-of-plane performance, the out-of-plane initial conditions are changed to

z0 = 500 ft (152.4 m) and w0 = 50 ft/s (15.24 m/s). Table 2 shows the mass, thrust

pitch angle, and thrust yaw angle versus time for the exact and approximate controls.
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Table 1: Guidance Results with z0 = 0 ft and w0 = 0 ft/s
Exact Approximate [10]

t(s) m (slugs) θ (deg) ψ (deg) θ (deg) ψ (deg) θ (deg) ψ (deg)
0 1200 34.22 0 34.47 0 32.54 0
60 1121 32.12 0 31.10 0 31.22 0
120 1043 28.52 0 28.37 0 28.48 0
180 964 23.16 0 23.82 0 23.91 0
240 886 15.51 0 16.70 0 16.75 0
300 807 5.97 0 6.84 0 6.84 0
360 728 -2.68 0 -3.71 0 -3.77 0
390 689 -3.45 0 -5.64 0 -5.72 0

Again, both guidance laws satisfy the final conditions, consume the same mass, and

use approximately the same thrust angle histories.

Table 2: Guidance Results with z0 = 500 ft and w0 = 50 ft/s
Exact Approximate [10]

t (s) m (slugs) θ (deg) ψ (deg) θ (deg) ψ (deg) θ (deg) ψ (deg)
0 1200 34.20 -2.51 34.44 -2.54 32.54 -2.54
60 1121 32.11 -2.15 31.09 -2.16 31.22 -2.16
120 1043 28.52 -1.65 28.38 -1.64 28.48 -1.64
180 964 23.18 -1.07 23.84 -1.04 23.91 -1.04
240 886 15.23 -0.41 16.71 -0.38 16.76 -0.38
300 807 5.98 0.26 6.86 0.28 6.85 0.27
360 728 -2.68 0.86 -3.70 0.82 -3.76 0.82
390 689 -3.47 1.05 -5.66 1.00 -5.73 1.00

The guidance results have also been compared with the guidance results of [10], where

the term gm − u2/rm is assumed to be constant. Hence, the guidance law is based

on the flat moon model. However, at each sample point, the constant is updated to

account for the change in u. The comparison shows that the results of [10] are roughly

the same as the results for the spherical moon so the use of the flat moon model with

this updating is justified. This conclusion can be made because the spherical moon

results are available.
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7 Conclusions

The minimum-time rocket transfer problem can be solved under the assumptions of

constant thrust, quasi-planar flight in the neighborhood of a spherical moon, and small

thrust angles. The analysis is performed in the local vertical local horizontal reference

frame, and the spherical moon model differs from the flat moon model by the inclusion

of the centrifugal acceleration term. The exact solution of this problem requires three

quadratures and one iteration. However, this solution indicates the existence of an

approximate solution that is completely analytical (no quadratures and no iterations).

Based on the results of a sample and hold guidance scheme, the approximate solution

performs as well as the exact solution for lunar ascent. Finally, the guidance law based

on the flat moon model, with the constant acceleration of gravity updated (reduced)

at each sample time to account for the change in centrifugal acceleration, performs

as well as either spherical moon guidance law, exact or approximate. Because the

approximate solution is completely analytical, it merits further consideration as an

onboard guidance algorithm.

Appendix A: Thrust Integrals

The standard thrust integrals L, S, J , and Q are first and second integrals of the

thrust to mass ratio τ , that is,

L =
∫ tf

0
τ dt = −Ve ln(1− tf/α))

S =
∫ tf

0

∫ t
0
τ dt dt = (−α + tf )L+ Vetf

J =
∫ tf

0
τt dt = −S + tfL

Q =
∫ tf

0

∫ t
0
τt dt dt = −Vet2f/2 + αS.

(40)

The thrust integrals are functions of tf .

The modified thrust integrals (denoted by primes) are analogous to the ordinary

thrust integrals and are defined as

L′ =
∫ tf

0
τ/λ̄4 dt, S ′ =

∫ tf
0

∫ t
0
τ/λ̄4 dt dt

J ′ =
∫ tf

0
τt/λ̄4 dt, Q′ =

∫ tf
0

∫ t
0
τt/λ̄4 dt dt.

(41)
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The modified thrust integrals are functions of tf , λ̄2, C̄2. These integrals cannot be

evaluated analytically because of the division by λ̄4 in the integrand. They must be

evaluated numerically.

The single integrals can be evaluated using any standard quadrature technique such as

the trapezoidal rule or Simpson’s rule. Fortunately, double integrals can be rewritten

as single integrals by applying integration by parts as∫ tf

0

∫ t

0

f(t) dt dt = tf

∫ tf

0

f(t) dt−
∫ tf

0

tf(t) dt. (42)

With the following definition:

H ′ =

∫ tf

0

τt2/λ̄4 dt, (43)

the two double integrals can then be evaluated using three quadratures, that is,

S ′ = tfL
′ − J ′, Q′ = tfJ

′ −H ′. (44)

Appendix B: Integrals of Centrifugal Acceleration

The centrifugal acceleration integrals F and G are the first and second integrals of

the function

f(t) = [u0 − Ve ln(1− tf/α)]2/rm. (45)

The integrals are given by

F =
∫ tf

0
f dt = (u2

0tf − 2u0VeI1 + V 2
e I2)/rm

G =
∫ tf

0

∫ t
0
f dt dt = (u2

0t
2
f/2− 2u0VeI3 + V 2

e I4)/rm
(46)
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and are functions of tf , since the integrals I1 through I4 are the following functions

of tf :

I1 = −α[(1− tf/α) ln(1− tf/α)− (1− tf/α) + 1]

I2 = −α[(1− tf/α) ln2(1− tf/α)− 2(1− tf/α) ln(1− tf/α)

+2(1− tf/α)− 2]

I3 = −α[I5 − I6 + tf ]

I4 = −α[I7 − 2I5 + 2I6 − 2tf ]

I5 = −α[2(1− tf/α)2 ln(1− tf/α)− (1− tf/α)2 + 1]/4

I6 = −α[(1− tf/α)2 − 1]/2

I7 = −α[2(1− tf/α)2 ln2(1− tf/α)− 2(1− tf/α)2 ln(1− tf/α)

+(1− tf/α)2 − 1]/4.

(47)
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