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The purpose of this chapter is to state and prove
necessary conditions for global optimality of optimal con-
trol problems. These necessary conditions fall within the
scope of the now famous work by Pontryagin, and they
are a result of what is commonly called Pontryagin’s
principle, the maximum principle, the minimum principle, or
some combination.

Optimal control problems are infinite-dimensional opti-
mization problems. This is because the objective is to find
the best control functions to minimize an integral. These
control functions are elements of an infinite-dimensional
space – a function space – such as the space of contin-
uous functions, piecewise continuous functions, or mea-
surable functions. For this reason, optimal control the-
ory is more involved than finite-dimensional optimization
theory.

Optimal control theory has a rich history and is an out-
growth of the classical calculus of variations. Centuries
of work culminated in the 1950s and 1960s with the re-
sults of Pontryagin and his colleagues [1]. We will prove
their result for control functions belonging to the space
of piecewise continuous functions. This is weaker than
their original result, but it is sufficient for our purposes.
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In the author’s view, one of the more important as-
pects of the maximum principle is its removal of normal-
ity assumptions (assumptions on the existence of control
variations). Any conditions that operate under normality
assumptions without qualification are not actually neces-
sary, and so this aspect is an important one. The litera-
ture indicates that McShane first resolved the normality
issue in the calculus of variations in 1939 [2]. Even after
the work of McShane and Pontryagin, normality assump-
tions persisted in singular optimal control theory [3–6]
until 1977 when Krener removed them [7].

As in finite-dimensional optimization, the issues of at-
tainability and normality are interesting. There are many
examples where the cost is lower bounded but not at-
tainable. The simplest example is to minimize the control
effort required to drive a stable, linear time-invariant
system to the origin in free final time. Any feasible so-
lution can be improved by extending the final time, but
the lower bound of zero control effort is not attain-
able. The issue of attainability has been addressed by
Berkovitz under certain convexity and compactness as-
sumptions [8, Ch. 3].

There are also many problems that have abnormal so-
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lutions. The simplest example is to minimize the time it
takes to drive a harmonic oscillator to the origin with a
bounded control. For certain initial conditions, the global
optimal solution is unique and abnormal. If one were to
study this physically motivated problem under a normality
assumption, he would incorrectly conclude that no op-
timal solution exists. The issue of normality is typically
addressed on a case by case basis. The details of at-
tainability and normality in optimal control are beyond the
scope of this chapter.

The primary references for this chapter are the
original work by Pontryagin [1] and the more recent ex-
position by Liberzon [9]. We first work with a basic
optimal control problem followed by a problem with state
constraints.

1 Problem Description

In optimal control, one controls a dynamic system over a
finite interval [t0, tf ] so that a given performance index is
minimized. The control function u(·) is assumed to belong
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to the space of piecewise continuous functions, i.e.,

u(·) ∈ PC : [t0, tf ] → Ω ⊂ Rm (1)

Thus, it is continuous except at a finite number of points
where it is discontinuous. The points of continuity are
called regular points; the points of discontinuity are called
irregular points. Without loss of generality, we assume
that u(·) is continuous from the left, i.e.,

u(tp) = lim
t↑tp

u(t) (2)

for all irregular points tp . The set Ω is the control con-
straint set, and it is assumed to be fixed. Dynamic sys-
tems of interest take the form

ẋ(t) = f (x(t), u(t)), x(t0) = a, x(tf ) = b (3)

so that the state evolves according to ordinary differ-
ential equations.

Remark 1. When writing differential equations, the equal-
ity sign is used to mean “equal almost everywhere.” The
reason is that the integral of a piecewise continuous
function is only differentiable at the regular points of
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the function [10, p. 133].

Consequently, the state function x(·) is absolutely con-
tinuous, i.e.,

x(·) ∈ AC : [t0, tf ] → Rn (4)

It is assumed that f (·, ·) ∈ C and f (·,ω) ∈ C1 for each fixed
ω. In words, it is continuous in both arguments and con-
tinuously differentiable with respect to the first.

Remark 2. These assumptions in conjunction with piece-
wise continuity of u(·) guarantee local existence and unique-
ness for solutions of Equation 3. These assumptions can
be relaxed using local Lipschitz arguments [9, p. 83-86].

The cost is given by the scalar quantity J = x0(tf ) where
x0(·) satisfies the differential equation

ẋ0(t) = ℓ(x(t), u(t)), x0(t0) = 0 (5)

The function ℓ(·, ·) shares the same properties as f (·, ·).
Given the existence and uniqueness assumptions, the cost
is a function of the control function, i.e., J = J [u(·)].

The feasible set F is the set of all control functions
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that satisfy the constraints.

F = {u(·) : u(·) satisfies Equation 1 and x(·)

satisfies Equation 3} (6)

This set may be empty, finite, or infinite corresponding to
no feasible solutions, finitely many feasible solutions, or
infinitely many feasible solutions. As in finite-dimensional
optimization, the optimal cost is given by J∗ where

J∗ =


+∞, #F = 0

inf{J [u(·)] : u(·) ∈ F}, #F > 0
(7)

In words, this means that the optimal cost for an infea-
sible problem is infinite. The optimal cost for a feasible
problem is the greatest lower bound on all feasible solu-
tions. The goal is to find an optimal control u∗(·) such that
J∗ = J [u∗(·)]. Thus, it is clear that by optimal we mean global
minimum. As mentioned in the introduction to this chapter,
attainability is an important question, but it is beyond the
scope of this chapter. Nonetheless, the attainable optimal
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solution set is

F∗ = {u∗(·) : J [u∗(·)] ≤ J [u(·)] ∀u(·) ∈ F} (8)

When the optimal cost is attainable, all of the optimal
solutions belong to the set F∗. If the optimal cost is not
attainable, then the set F∗ is empty and no optimal solutions
exist.

For the sake of brevity, it is common to drop the
function space and differentiability requirements and state
the problem more concisely. With those requirements
still in force, a concise statement of the basic optimal
control problem (BOCP) is below.

min J = x0(tf ) (BOCP)
subj. to ẋ0(t) = ℓ(x(t), u(t)), x0(t0) = 0

ẋ(t) = f (x(t), u(t)), x(t0) = a, x(tf ) = b

u(t) ∈ Ω, t0 fixed, tf free

Before stating the necessary conditions that we will
prove in the following sections, it is convenient to in-
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troduce the following functions

y(t) =
[

x0(t)
x(t)

]
, q(t) =

[
p0(t)
p(t)

]
, g(y(t), u(t)) =

[
ℓ(x(t), u(t))
f (x(t), u(t))

]
(9)

such that ẏ(t) = g(y(t), u(t)). Then, the Hamiltonian is defined
to be

H(x(t), u(t), p(t), p0(t)) = ⟨q(t), g(y(t), u(t))⟩

= ⟨p0(t), ℓ(x(t), u(t))⟩ + ⟨p(t), f (x(t), u(t))⟩
(10)

Lastly, we define the terminal sets

Sb = {x : x = b}

S ′
b = {(x0, x) : x0 ∈ R and x ∈ Sb}

S ′′
b = {(x0, x) : x0 < J∗ and (x0, x) ∈ S ′

b}

(11)

The final point must belong to Sb since x(tf ) = b, and S ′
b

simply lifts Sb into the x0 direction. The set S ′′
b consists only

of those points in S ′
b that have lower cost than the optimal.

Figures 1 and 2 illustrate the geometric significance.
Note the different axes used in these figures. They

are used repeatedly throughout the rest of the chapter.
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Figure 1: Optimal solutions in the original and lifted space.
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Figure 2: Suboptimal, optimal, and impossible solutions.

We can now state necessary conditions for BOCP.
The original result is due to Pontryagin. The next few
sections prove this theorem by investigating properties
of the terminal cone, adjoint system, and Hamiltonian.

Theorem 1 (Necessary Conditions for BOCP). If BOCP
attains a minimum at u∗(·), then the following system is
solvable:
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i) the normality condition

p∗
0 ≤ 0 (12)

ii) the non-triviality condition

(p∗
0, p∗(t)) ̸= 0 ∀t ∈ [t0, t∗f ] (13)

iii) the differential equations

ẋ ∗
0 (t) = ℓ(x ∗(t), u∗(t))

ẋ ∗(t) = ∂pH(x ∗(t), u∗(t), p∗(t), p∗
0)

−ṗ∗(t) = ∂xH(x ∗(t), u∗(t), p∗(t), p∗
0, )

(14)

iv) the pointwise maximum condition

u∗(t) = arg max
ω∈Ω

H(x ∗(t),ω, p∗(t), p∗
0, ) a.e. t ∈ [t0, t∗f ] (15)

v) the Hamiltonian condition

H(x ∗(t), u∗(t), p∗(t), p∗
0) = 0 ∀t ∈ [t0, t∗f ] (16)

vi) the boundary conditions

x ∗
0 (t0) = 0, x ∗(t0) = a, x ∗(t∗f ) = b (17)
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2 Generating the Terminal Cone

2.1 Temporal Perturbations

In this section, we explore how the final point of the
optimal trajectory y ∗(·) varies with respect to changes in
the final time. In all that follows, ϵ is a constant, positive
scalar. The perturbed final time is

tf = t∗f + ϵτ (18)

where τ is a scalar that can be positive or negative. For
every τ, we define a perturbed control function u(·),
which generates y(·). The perturbed control is

u(t) =


u∗(t), t0 ≤ t ≤ t∗f

u∗(t∗f ), t∗f < t ≤ tf

(19)

Thus, it is well-defined for all perturbation times. This is
illustrated graphically in Figure 3.
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Figure 3: Temporal perturbations.

In exploring the affect of perturbing the final time,
we first recognize that the point t∗f is a regular point of
u∗(·) and u(·). Therefore, the time derivatives of y ∗(·) and
y(·) are well-defined at t∗f . When τ < 0, it is known that
y(tf ) = y ∗(tf ). Thus,

y(tf ) = y ∗(t∗f + ϵτ)

= y ∗(t∗f ) + g(y ∗(t∗f ), u∗(t∗f ))ϵτ + o(ϵ)
(20)

When τ > 0, we have

y(tf ) = y(t∗f + ϵτ)

= y(t∗f ) + g(y(t∗f ), u(t∗f ))ϵτ + o(ϵ)
(21)

At the optimal final time, it is true that y(t∗f ) = y ∗(t∗f ) and
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u(t∗f ) = u∗(t∗f ). Hence, when τ > 0,

y(tf ) = y ∗(t∗f ) + g(y ∗(t∗f ), u∗(t∗f ))ϵτ + o(ϵ) (22)

which is the same as for the case when τ < 0. By defining
the linear function δ(τ) = g(y ∗(t∗f ), u∗(t∗f ))τ, the perturbed final
point can be simply written as

y(tf ) = y ∗(t∗f ) + ϵδ(τ) + o(ϵ) (23)

The set
∆t = {ξ : ξ = y ∗(t∗f ) + ϵδ(τ), ϵ fixed} (24)

represents a linear approximation to the set of all reach-
able states achievable by perturbing the optimal final time.
Figure 4 shows the set ∆t in context of the optimal tra-
jectory.
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Figure 4: Linear approximation of temporal variations.

2.2 Spatial Perturbations

In this section, we explore how the trajectory varies with
respect to changes in the control. These changes will be
constructed by introducing pulses away from the optimal
control. Let I be the interval

I = (tp − ϵσ, tp] ⊂ (t0, t∗f ) (25)

where tp is a regular point of u∗(·) and σ is a positive
scalar. Let ω be an arbitrary element of the control
set Ω . Then the simplest spatial control perturbation is

u(t) =


u∗(t), t /∈ I

ω, t ∈ I
(26)
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This scenario is shown in Figure 5.
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Figure 5: Simplest spatial perturbation.

We now want to study how the perturbed trajectory
deviates from the optimal on the interval I . Because tp is
a regular point, we can write

y ∗(tp − ϵσ) = y ∗(tp) − ẏ ∗(tp)ϵσ + o(ϵ)

= y ∗(tp) − g(y ∗(tp), u∗(tp))ϵσ + o(ϵ)
(27)

Note that the point tp−ϵσ is not a regular point of u(·) since,
by construction, it is discontinuous there. Nonetheless,
we can use the right-sided derivative, ẏ+(tp − ϵσ), to write

y(tp) = y(tp − ϵσ) + ẏ+(tp − ϵσ)ϵσ + o(ϵ)

= y(tp − ϵσ) + g(y(tp − ϵσ),ω)ϵσ + o(ϵ)
(28)
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Because y(tp − ϵσ) = y ∗(tp − ϵσ), it follows that

y(tp) = y ∗(tp) − g(y ∗(tp), u∗(tp))ϵσ + g(y ∗(tp − ϵσ),ω)ϵσ + o(ϵ) (29)

The third term on the right hand side can be expanded
using the series notation about tp . After doing so, the
above equation becomes

y(tp) = y ∗(tp) + γp(ω)ϵσ + o(ϵ) (30)

where
γp(ω) = g(y ∗(tp),ω) − g(y ∗(tp), u∗(tp)) (31)

This perturbed value at time tp propagates forward to
the optimal final time. To characterize this effect, we
introduce the function η(·) ∈ AC : [tp, t∗f ] → Rn+1 such that

y(t) = y ∗(t) + ϵη(t) + o(ϵ) (32)

for which it is already known that η(tp) = γp(ω)σ. On the
interval [tp, t∗f ], u(·) and u∗(·) share the same regular and
irregular points. Differentiating at the regular points
time and solving for the first-order part gives

η̇(t) = ∂T
y g(y ∗(t), u∗(t))η(t), η(tp) = γp(ω)σ (33)
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which, as with other differential equations, only holds al-
most everywhere. The solution of such a linear system
is frequently written in terms of the state transition
matrix, i.e., η(t) = Φ(t, tp)γp(ω)σ, where Φ(t, tp) satisfies

Φ̇(t, tp) = ∂T
y g(y ∗(t), u∗(t))Φ(t, tp), Φ(tp, tp) = I (34)

Thus, at the optimal final time, the perturbed state is given
by

y(t∗f ) = y ∗(t∗f ) + Φ(t∗f , tp)γp(ω)ϵσ + o(ϵ) (35)

Defining δ(ω, I) = Φ(t∗f , tp)γp(ω)σ, we have

y(t∗f ) = y ∗(t∗f ) + ϵδ(ω, I) + o(ϵ) (36)

A sketch of the first-order behavior is shown in Figure
6.
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Figure 6: Effect of a spatial perturbation.

The set

∆s(ω, tp) = {ξ : ξ = y ∗(t∗f ) + ϵδ(ω, I), ϵ fixed} (37)

represents a linear approximation of all reachable states
achievable by the simplest spatial perturbation. The ele-
ments of the set are a linear function of σ. This set is
illustrated in Figure 7.
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Figure 7: Linear approximation of a spatial perturbation.
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As indicated by the notation, the set ∆s(ω, tp) depends
on the particular control ω and the time tp . There are
an infinite number of times that could be used as well
as different controls (finite or infinite depending on the
control set). We now define the set ∆s to be the union
of all possible sets of the form ∆s(ω, tp). That is, ∆s is a
linear approximation of all reachable states achievable by
all the possible simplest perturbations. Figure 8 shows a
simple illustration of this set.
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𝑥𝑘+1..𝑛 
 

𝑆𝑏
′  

𝑦∗ 

𝑦∗(𝑡𝑓
∗) 

Δ𝑠 

Figure 8: Linear approximation of multiple spatial pertur-
bations.

Note that ∆s is a cone emanating from the optimal final
point y ∗(t∗f ), and it may be convex or not depending on the
problem.

We now construct a perturbed control that contains
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two pulses over the distinct intervals I1 and I2.

I1 = (t1 − ϵσ1, t1] and I2 = (t2 − ϵσ2, t2] (38)

Again, it must be assumed that t1 and t2 are regular points
of the optimal control u∗(·). It is also assumed that the
intervals do not overlap and that I1 precedes I2. This
scenario is shown in Figure 9.
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𝑡 
𝑡0 𝑡𝑓

∗ 

𝑢∗ 

𝑡1 

𝜔1 

𝜔2 

𝑡2 

Figure 9: Two spatial perturbations.

Using the formulas just derived and properties of the
state transition matrix, it follows that

y(t∗f ) = y ∗(t∗f ) + ϵδ(ω1, I1) + ϵδ(ω2, I2) + o(ϵ) (39)

That is, two spatial control perturbations “add” together
to affect the final point. A simple inductive argument
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shows that this is true for any finite number of pertur-
bations. This requires some notational complexity but is
given by Pontryagin [1, p. 86-92].

Conversely, it is easy to see that a final perturbation
of the form

y(t∗f ) = y ∗(t∗f ) + ϵr1δ(ω1, I1) + ϵr2δ(ω2, I2) + o(ϵ) (40)

with r1, r2 ≥ 0 is possible by simply changing the intervals to

I ′1 = (t1 − ϵr1σ1, t1] and I ′2 = (t2 − ϵr2σ2, t2] (41)

By choosing all values of r1 and r2 such that r1 + r2 = 1,
we construct all possible convex combinations, i.e., the
convex hull of the sets ∆s(ω1, t1) and ∆s(ω2, t2). This hull is
a linear approximation to the set of all reachable states
generated by the two pulses at t1 and t2.

We then extend this idea to include all convex combina-
tions of points in the set ∆s . What results is the convex
hull of ∆s , denoted co(∆s). The set co(∆s) is a linear ap-
proximation to the set of all reachable states generated
by all possible convex combinations of simple perturba-
tions. The set is also a convex cone emanating from the
point y ∗(t∗f ). Figure 10 provides an illustration.
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Figure 10: Convex hull of spatial perturbations.

We now construct a linear approximation to the set
of all reachable states generated by affine combinations
of elements in ∆t and co(∆s). This set is given by

∆ = {ξ : ξ = y ∗(t∗f ) + ϵr0δ(τ) + ϵ

k∑
i=1

riδ(ωi , Ii)} (42)

where ri ≥ 0. The fact that any element in co(∆s) can
be constructed using a finite number of pulses has been
proved by Carathéodory [11, p. 41]. The set ∆ is convex,
and because of its special significance, it is called the
terminal cone. It is shown in Figure 11. It is the infinite
wedge between the two half-planes.
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Figure 11: Terminal cone.

3 Properties of the Terminal Cone

The significance of the terminal cone is the following: for
every point ξ ∈ ∆, there is a perturbation of the optimal
control such that the terminal point of the perturbed
trajectory is within an order of epsilon, i.e., there is a
perturbed control generating y(tf ) such that

y(tf ) = ξ + o(ϵ) (43)

where y(tf ) may or may not be in the terminal cone.
We now use the fact that u∗(·) is the optimal control,

and hence, no other control gives a lower cost. Geo-
metrically, no other trajectory intersects the terminal
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set S ′
b at a lower point. Since the terminal cone ∆ is a

linear approximation of the reachable set, it is expected
that the terminal cone should face “upward.” This must
be proved.

Consider the vector π = (−1, 0, . . . , 0) ∈ Rn+1, which points
downward. Let all of the points on the half-ray emanating
from y ∗(t∗f ) in the direction of π be denoted by the set Π .

Π = {ξ : ξ = y ∗(t∗f ) + rπ, r ≥ 0} (44)

This set is illustrated below in Figure 12.
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Figure 12: Terminal wedge and vector.

We must prove the following lemma.

Lemma 1. The set Π does not intersect the interior of ∆.

Before proving this lemma, we will outline a popular
line of reasoning, which is incorrect. Suppose that the
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lemma were false and that Π did intersect the interior
of ∆. Then there exists a control u(·) that generates

y(tf ) = y ∗(t∗f ) + ϵrπ + o(ϵ) (45)

for some r > 0. Writing y(tf ) in terms of its components
yields

J [u(·)] = J [u∗(·)] − ϵr + o(ϵ)

x(tf ) = x ∗(t∗f ) + o(ϵ)
(46)

The perturbed control clearly gives a lower cost since
ϵ, r > 0. Therefore, some may conclude, this contradicts
the definition of an optimal control. However, it is impor-
tant to note that the perturbed control is not feasible
since x(tf ) ̸= x ∗(t∗f ). At this point, another popular approach
is to make a normality assumption. This was done in the
calculus of variations until 1939 when McShane resolved
the issue [2]. It was also done in singular optimal control
theory until Krener resolved the issue there [7]. Lemma
1 is proved below.

Proof. Suppose that the lemma is false and that Π does
intersect the interior of ∆. Then there exists a point ξ

such that ξ ∈ Π and ξ ∈ int(∆). This implies that the point
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must be of the form

ξ = y ∗(t∗f ) + ϵrπ (47)

for some r > 0. By definition of interior, the second
inclusion implies that there is a ball centered at ξ with
radius ϵ, B(ξ, ϵ), such that B(ξ, ϵ) ⊂ int(∆). Further, it implies
that all elements of B(ξ, ϵ) have the form

y ∗(t∗f ) + ϵγ (48)

where γ is a function of the perturbation parameters
such as τ, ω, and I . Corresponding to each element in
B(ξ, ϵ), there is a point of the form

y ∗(t∗f ) + ϵγ + o(ϵ) (49)

which is the actual terminal point, as opposed to the lin-
ear approximation. The set of actual terminal points is
denoted B̃(ξ, ϵ). Since it is only o(ϵ) away from B(ξ, ϵ), it
can be thought of as a warping as shown in Figure 13.
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Figure 13: Actual terminal points in a warped ball.

As shown in Figure 13, the set of actual terminal points
B̃(ξ, ϵ) intersects S ′′

b (note that ξ ∈ S ′′
b since r > 0). If this

were true, a contradiction would be reached since those
points are feasible and generate a lower cost.

However, we must prove B̃(ξ, ϵ) and S ′′
b have a non-

empty intersection, i.e., that B̃(ξ, ϵ) does not have a hole in
it. This is done by showing that, for all sufficiently small
ϵ, B̃(ξ, ϵ) contains the ball B(ξ, (1 − α)ϵ) for any α ∈ (0, 1).

By definition of o(ϵ),

||o(ϵ)|| < αϵ, α ∈ (0, 1) (50)

for all sufficiently small ϵ. We define the function F :

B(ξ, ϵ) → B̃(ξ, ϵ), which is the mapping from an approximated
terminal point to the actual terminal point. That is, given
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a point c ∈ B(ξ, ϵ), the point F (c) ∈ B̃(ξ, ϵ) and

F (c) = c + o(ϵ) (51)

Additionally, F is continuous since the terminal points de-
pend continuously on the perturbation parameters. Let
q be an arbitrary point in B(ξ, (1 − α)ϵ), and consider the
map G with domain B(ξ, ϵ).

G(p) = p − F (p) + q (52)

For all sufficiently small ϵ, ||G(p) − q|| < αϵ, and hence,
G(p) ∈ B(ξ, ϵ). Thus, G is a continuous map from B(ξ, ϵ) to
itself. Brouwer’s fixed point theorem indicates that G

has a fixed point [10, p. 203], i.e., there exists a point
c ∈ B(ξ, ϵ) such that G(c) = c .

Consequently, F (c) = q, i.e., q is an actual terminal point.
Because q was arbitrary, we conclude that for all suf-
ficiently small ϵ, B(ξ, (1 − α)ϵ) ⊂ B̃(ξ, ϵ). Therefore, B̃(ξ, ϵ)

and S ′′
b have a non-empty intersection. This contradicts

optimality and completes the proof of Lemma 1.
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Corollary 1. There is a hyperplane that separates the sets
Π and ∆.

Proof. Both sets are convex and Π does not intersect
int(∆). The convexity of ∆ ensures that 1) int(∆) is convex
or 2) int(∆) is empty [11, p. 39]. In the first case, there is
a hyperplane that properly separates Π and ∆ [11, p. 53].
In the second case, there is a hyperplane that contains
∆ and trivially separates Π and ∆ [12, p. 239].

The existence of a separating hyperplane implies that
there is a non-zero vector, which we define to be q∗(t∗f ),
such that

⟨q∗(t∗f ),β⟩ ≤ 0 ∀β s.t. y ∗(t∗f ) + β ∈ ∆ (53)
⟨q∗(t∗f ),π⟩ ≥ 0 (54)

The hyperplane and normal vector are sketched in Figure
14.
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Figure 14: Separating hyperplane and normal vector.

4 Properties of the Adjoint System

The inequalities in Equation 53 and 54 will now be used in
conjunction with the adjoint system. Two linear systems
of the form ẋ1(t) = Ax1(t) and ẋ2(t) = −AT x2(t) are called
adjoint to each other. Adjoint systems satisfy the prop-
erty that their inner product is constant. This is seen by
direct calculation.

d
dt ⟨x2(t), x1(t)⟩ = ⟨ẋ2(t), x1(t)⟩ + ⟨x2(t), ẋ1(t)⟩

= (−AT x2(t))T x1(t) + x2(t)Ax1(t) = 0
(55)
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Recalling the linear system in Equation 33, we define the
adjoint system as

q̇∗(t) = −∂yg(y ∗(t), u∗(t))q∗(t) (56)

We can now prove the following lemma regarding this
system.

Lemma 2. The function p∗
0(·) is constant and non-positive,

the adjoint vector (p∗
0, p∗(t)) ̸= 0 ∀t ∈ [t0, t∗f ], and p∗(·) satisfies

the differential equation

−ṗ∗(t) = ∂xH(x ∗(t), u∗(t), p∗(t), p∗
0(t)) (57)

Proof. Expanding Equation 56 into component form gives
the following differential equations.

ṗ∗
0(t) = 0

−ṗ∗(t) = ∂xH(x ∗(t), u∗(t), p∗(t), p∗
0(t))

(58)

Hence p∗
0(·) is constant and Equation 57 is satisfied. The

inequality in Equation 54 yields p∗
0 ≤ 0, i.e., p∗

0 is non-positive.
Finally, since q∗(t) is the solution of a linear homogeneous
differential equation and its boundary condition is non-

32



zero, it is non-zero for all time. That is,

(p∗
0, p∗(t)) ̸= 0 ∀t ∈ [t0, t∗f ] (59)

This completes the proof.

Geometrically, q∗(t) represents the normal to the sepa-
rating hyperplane evolving backward from the final point.
The coordinate p∗

0 is the vertical component. The back-
ward evolution is illustrated in Figure 15. Note that −q∗(t)

is plotted for illustration purposes.
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𝑦∗(𝑡𝑓
∗) 

𝑆𝑏
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𝜋 

Π 

−𝑞∗(𝑡𝑓
∗) 

−𝑞∗(𝑡2
∗) 

−𝑞∗(𝑡1
∗) 

Figure 15: Backward evolution of hyperplanes.

We now invoke Corollary 1 and properties of the ad-
joint system to prove the famous pointwise maximization
condition.

Lemma 3. The optimal control u∗(·) maximizes the Hamilto-
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nian almost everywhere. That is,

u∗(t) = arg max
ω∈Ω

H(x ∗(t),ω, p∗(t), p∗
0) (60)

for almost every t ∈ [t0, t∗f ].

Proof. Recall that any element ξ ∈ ∆ that is generated by
the simplest spatial perturbation, a single pulse, has the
form

ξ = y ∗(t∗f ) + ϵΦ(t∗f , tp)γp(ω) (61)

The second term on the right is the linear perturbation,
and the separation property in Equation 53 indicates that

⟨q∗(t∗f ), ϵΦ(t∗f , tp)γp(ω)⟩ ≥ 0 (62)

Since Φ(·, tp) is the state transition matrix for the linear
system in Equation 33, we can invoke the property of
adjoints to get

⟨q∗(tp),γp(ω)⟩ ≥ 0 (63)

Expanding both elements of the inner product into com-
ponent form and rearranging gives the inequality

H(x ∗(tp), u∗(tp), p∗(tp), p∗
0) ≥ H(x ∗(tp),ω, p∗(tp), p∗

0) (64)
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However, both the control element ω and pulse time tp

were arbitrary except for tp being a regular point of u∗(·).
Thus, the optimal control must maximize the Hamiltonian
at all regular points. This leads to the famous pointwise
maximization condition

u∗(t) = arg max
ω∈Ω

H(x ∗(t),ω, p∗(t), p∗
0) (65)

which holds for almost all t .

Remark 3. Lemma 3 can be strengthened to hold every-
where [1, p. 102]. This strengthened result is not needed
here and is not pursued any further.

5 Properties of the Hamiltonian

We will prove that the Hamiltonian is zero everywhere.
This is done by showing that the Hamiltonian at the final
point is zero, it is a continuous function of time, and it
has zero derivative almost everywhere.

Lemma 4. The Hamiltonian at the final time is zero.

Proof. The separation property in Equation 53 applies, in
particular, to the case when β = δ(τ) and y ∗(t∗f ) + δ(τ) ∈ ∆.
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Recalling the linear function δ(τ) = g(y ∗(t∗f ), u∗(t∗f ))τ and that τ

can be positive or negative, the separation inequality leads
to ⟨q∗(t∗f ), δ(τ)⟩ = 0. In terms of the Hamiltonian, we have

H(x ∗(t∗f ), u∗(t∗f ), p∗(t∗f ), p∗
0) = 0 (66)

This completes the proof.

Lemma 5. The Hamiltonian is a continuous function of time.

Proof. The Hamiltonian H(x ∗(·), u∗(·), p∗(·), p∗
0) is continuous at

the regular points of u∗(·) since it is a continuous function
of each of its arguments and they are all continuous
functions of time. Let tp be an irregular point of u∗(·).
Define

ω1 = lim
t↑tp

u∗(t) and ω2 = lim
t↓tp

u∗(t) (67)

Let τ > 0 such that (tp + τ) is a regular point. Application
of the pointwise maximization condition in Lemma 3 gives

H(x ∗(tp +τ), u∗(tp +τ), p∗(tp +τ), p∗
0) ≥ H(x ∗(tp +τ), u∗(tp−τ), p∗(tp +τ), p∗

0)

(68)
Taking the limit of both sides as τ goes to zero gives

H(x ∗(tp),ω2, p∗(tp), p∗
0) ≥ H(x ∗(tp),ω1, p∗(tp), p∗

0) (69)
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since limits preserve weak inequalities [13, p. 43] and
x ∗(·) and p∗(·) are continuous. Switching the time argu-
ments above and repeating the limit process leads to the
inequality

H(x ∗(tp),ω1, p∗(tp), p∗
0) ≥ H(x ∗(tp),ω2, p∗(tp), p∗

0) (70)

Thus, we conclude that equality holds. Provided u∗(tp)

is defined to equal its left limit, ω1, or its right limit,
ω2, continuity holds since the left and right limits equal
H(x ∗(tp), u∗(tp), p∗(tp), p∗

0).

Lemma 6. The Hamiltonian has zero derivative almost ev-
erywhere.

Proof. A consequence of Equation 64 is the following
inequality. Let t1 and t2 be regular points of u∗(·) in the
open interval (t0, t∗f ). Then

H(x ∗(t2), u∗(t2), p∗(t2), p∗
0) −H(x ∗(t1), u∗(t2), p∗(t1), p∗

0)

≥ H(x ∗(t2), u∗(t2), p∗(t2), p∗
0) −H(x ∗(t1), u∗(t1), p∗(t1), p∗

0)

≥ H(x ∗(t2), u∗(t1), p∗(t2), p∗
0) −H(x ∗(t1), u∗(t1), p∗(t1), p∗

0)

(71)
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Consider the case when t2 > t1. Then, using Equation 71,

lim
t2→t1

H(x ∗(t2), u∗(t2), p∗(t2), p∗
0) −H(x ∗(t1), u∗(t1), p∗(t1), p∗

0)
t2 − t1

≤ lim
t2→t1

H(x ∗(t2), u∗(t2), p∗(t2), p∗
0) −H(x ∗(t1), u∗(t2), p∗(t1), p∗

0)
t2 − t1

= ⟨∂xH(x ∗(t1), u∗(t1), p∗(t1), p∗
0), ẋ ∗(t1)⟩

+ ⟨∂pH(x ∗(t1), u∗(t1), p∗(t1), p∗
0), ṗ∗(t1)⟩ = 0

(72)

That is, the first limit of Equation 72 must be less than or
equal zero. Repeating this limit argument using the bottom
two lines of Equation 71 says that the first line must be
greater than or equal zero. Thus, the limit from the right
is zero.

This process can be repeated with t2 < t1. Because
the first line is the definition of the time derivative of
the Hamiltonian, and the limit is zero from both directions,
we conclude that the time derivative is zero at all regular
points of u∗(·), i.e.,

d
dtH(x ∗(t), u∗(t), p∗(t), p∗

0) = 0 (73)

for almost every t ∈ [t0, t∗f ].
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The above properties of the Hamiltonian lead to the
following corollary.

Corollary 2. The Hamiltonian is zero everywhere.

Proof. This follows directly from the fact that the Hamil-
tonian at the final point is zero, the time derivative is zero
almost everywhere, and it is a continuous function of
time. Thus,

H(x ∗(t), u∗(t), p∗(t), p∗
0) = 0 (74)

for all t ∈ [t0, t∗f ].

Remark 4. Note that Equation 17 and the first two equa-
tions of Equation 14 are just restatements of the con-
straints in BOCP. Thus, Lemma 2, Lemma 3, and Corollary
2 complete the proof Theorem 1.

6 The Transversality Condition

We now relax BOCP so that the final point must belong
not to a point set, but to a smooth (n − p)-fold in Rn [14, p.
92-95]. The manifold is characterized by the function
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b(·) ∈ C1 : Rn → Rp . Thus, the new problem, BOCP’, is

min J = x0(tf ) (BOCP’)
subj. to ẋ0(t) = ℓ(x(t), u(t)), x0(t0) = 0

ẋ(t) = f (x(t), u(t)), x(t0) = a, b(x(tf )) = 0

u(t) ∈ Ω, t0 fixed, tf free

Note that the only change from BOCP is this final bound-
ary condition on x(·). Only one element in the preceding
arguments is affected by this change. It is the proof
of Lemma 1. We will complete the proof for BOCP’ and
obtain one more separation inequality in addition to those
in Equations 53 and 54.

It is convenient to define the following sets.

Sb = {x : b(x) = 0}

S ′
b = {(x0, x) : x0 ∈ R and x ∈ Sb}

S ′′
b = {(x0, x) : x0 < J∗ and (x0, x) ∈ S ′

b}

(75)

The set Sb is the terminal set, and S ′
b simply lifts Sb in the x0

direction. The set S ′′
b is a subset of S ′

b . It consists only of
those points in S ′

b that have lower cost than the optimal.
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The set Π is redefined to be

Π = {ξ : ξ = y ∗(t∗f ) + rπ +
[

0
s

]
, r ≥ 0, s ∈ T (Sb | x ∗(t∗f ))} (76)

where T (Sb | x ∗(t∗f )) is the tangent space of Sb at the point
x ∗(t∗f ). Some aspects of these sets are captured in Figure
16.
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Figure 16: Illustration of sets.

With this new definition of Π , we prove Lemma 1.

Proof (Lemma 1 for BOCP’). Suppose that the lemma is
false and that Π does intersect the interior of ∆. Then
there exists a point ξ such that ξ ∈ Π and ξ ∈ int(∆). This
implies that ξ must be of the form

ξ = y ∗(t∗f ) + ϵrπ +
[

0
s

]
(77)
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for some r > 0 and some s ∈ T (Sb | x ∗(t∗f )). And as before,
there is the ball B(ξ, ϵ) ⊂ int(∆) and the associated warped
ball B̃(ξ, ϵ). To reach a contradiction, we must show that
B̃(ξ, ϵ) intersects S ′′

b .
The same fixed point arguments hold such that B(ξ, (1−

α)ϵ) ⊂ B̃(ξ, ϵ). Because Π and S ′′
b are tangent to each other

along the direction of π, the distance from ξ to S ′′
b is of

order o(ϵ). Thus, for all sufficiently small ϵ, B(ξ, (1 − α)ϵ)

intersects S ′′
b . This completes the proof since B(ξ, (1 −

α)ϵ) ⊂ B̃(ξ, ϵ).

Since Lemma 1 remains true, Corollary 1 does as well.
Recognizing the fact that 0 ∈ T (Sb | x ∗(t∗f )) , we recover the
inequalities in Equations 53 and 54. By setting r = 0, we
obtain a third inequality

⟨q∗(t∗f ),
[

0
s

]
⟩ ≥ 0 ∀s ∈ T (Sb | x ∗(t∗f )) (78)

For every s ∈ T (Sb | x ∗(t∗f )) we also have −s ∈ T (Sb | x ∗(t∗f )).
Thus, the inequality must be satisfied with strict equality.
Expanding into component form gives the transversality
condition

⟨p∗(t∗f ), s⟩ = 0 ∀s ∈ T (Sb | x ∗(t∗f )) (79)
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The only change that must be made to Theorem 1 to
adapt it to BOCP’ is statement v i . It now reads

vi) the boundary conditions

x ∗
0 (t0) = 0, x ∗(t0) = a, b(x ∗(t∗f )) = 0, ⟨p∗(t∗f ), s⟩ = 0 ∀s ∈ T (Sb | x ∗(t∗f ))

(80)

Remark 5. The transversality condition says that p∗(t∗f ) is
orthogonal to the null space of ∂T

x b(x ∗(t∗f )). Hence, there
is a non-zero vector ν such that p∗(t∗f ) = ∂xb(x ∗(t∗f ))ν.

A number of generalizations can be reached from this
point. For example, problems with time dependence, ter-
minal and integral costs, and final time constraints can
easily be transformed to the above form so that nec-
essary conditions can be stated [9, p. 130-134].
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